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ABSTRACT

STRUCTURE OF STABLY STRATIFIED

IURIUiIiNT BOUN DARY LAYER

The structure of a stably stratified thick boundary layer

developed in a met-roiogical wind tunnel is investigated experimentally.

Measurements of mean velocity, mean temperature, turbulent intensities,

shear stress, heat fluxes and turbulent spectra made at a station 78 ft.

from the leading edge are reported. Turbulent quantities were measured

by using different hot-wire probes; the measurement technique which is

a modificatior of the procedure suggested by Kovasznay (1953) is des-

cribed. The results show that stability greatly reduces the turbulence

in the boundary layer.

The structure of the wall layer i- discussed in the light of

Monin and Obukhov's (1954) similarity theory and Ellison's (1957) theory.

The results are also compared with previcus measurements in the labora-

tory and in the surface layer of the atmosphere in stable conditions.

It is shown that mean flow and turbulent characteristics of the wind

tunnel boundary layer are well described by the similarity theory, and

that this theory provides a good basis for the wind tunnel modeling of

similar characteristics of the atmosnheric surface layer.

Measured spectra of lateral and vertical velocity fluctuations

are shown to agree with Kolmogorov's (1941) similarity theory irrespec-

tive of the stability. The results aie compared with lleisenberg's

(1948) theory for the equilibrium spectra. Spectra of temperature



fluctuations are shown to have similar form in agreement with Corrsin's

(1951) theory. No buoyancy subrange could be identified in any -f the

spectra.
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Chapter I

INTRODUCTION

A fluid is considered to be stratified when its mass density

varies with height. The changes in fluid density may occur due to

changes in temperature, salinity, or some other cause. When density in-

creases with he;,ht, a fluid particle having moved upwards or downwards

from its position of equilibrium will be subjected to a buoyancy force

which will try to move it farther away. This type of stratification is

called gravitationally unstable. If density decreases with height, on

the other hand, the buoyancy force on the shifted particle will try to

bring it back to its equilibrium position, and the stratification in that

case is called stable.

Density stratified flows are abundantly met in nature, e.g., in

the atmosphere, ocean, tidal channels, .•tc. When stratification is

caused by inhomogeneities ini the temperature field, it is commonly re-

ferred to as thermal stratification. Not in all temperature varying

fluid flows are buoyancy forces important. For example, in most of

laboratory heat transfer studies, where temperature gradients are small,

stratification effects are found to be negligible. A quiantitative

measure of the ,ffect of buoyancv forces on the flow regirm is the

Richardson number. The ikch a rdso,1 nunier for the above-mt. nti oned

studies happen' to be ,c,"' small. ihn ever, it is not Kencrallv th

sm aI A for thie A t vr sphri - t'l' s rv'tcorofeteorolo, c al ite res t 11n 0,h ch

:t r I t I t c-t on v c ct . t !) be cor' S I k clt' , 'here't 1* '"V t It _s I t
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surprising that most of the experimental and theoretical work on

thermally stratified flows has been done in connection with the atmos-

pheric boundary layer.

Sufficient interest in reasuring turbulence in the atmosphere

developed only after 1950; earlier data pertain almost exclusively to

the mean velocity and temperature distribution. Theoretical develop-

ments came even later. A comprehensive similarity theory was put forward

by Monin and Obukhov (1954), which for the first time provided a theo-

retical framework f'or the presentation and mutual comparison of data from

different sources. Other theoretical models based on the dynamical

equations have been proposed by Ellison (1957), Townsend (1958), and

Monin (1965), among others. Sufficiently accurate and simultaneous

measurements o'f turbulent intensities and fluxes have not been available,

however, to verify, conclusively, the results of these works and various

assumptions involved in obtaining them. It is felt that laboratory

studies, in which the conditions of the model flows can be artificially

created, will, perhaps, be more useful than field studies for checking

and supplementing the results of the existing theories, and for develop-

ing new ones. Not only can flow conditions in the laboratory be main-

tained steadily for a sufficient time to take accurate measurements, but

also these conditions can be systematically varied whenever necessary.

Only very few laboratory studies of the stratified fluid flows

exist. 11ison and Turner (1959, 1960) investigated the entrainment

characteristics of i mixiný laver of salt solatiorn in a rectangular pipe. I
hebster ( 190.t) studied the effect of stability on the turbulent inten-

sities and tiriulent fluxae' at ;,c center-line of a wind tonnel where

,nan vt, locitv and terpr raturc varied lInearlIv Ilis data. however.

I
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showed some peculiarities of the patticular wind tunnel in that

extremely high values of the ratio Kif/K,, were observed, and the flow

in the wind tunnel appeared to be highly developing.

The present study of the thermally stratified boundary layer in

the Fluid Dynamics and Diffusion Laboratory at Colorado State University

has be,,n undertaker as part of a long-time project which aims at labora-

tory simulation of various atmospheric phenomena, viz., mean velucity and

temperature profiles, turbulent intensities and scales, and turbulent

diffusion. Th2 requirements of such modeling and some previous experi-

mental work in the meteorological wind tunnel designed for this purpose

have bcen reported by Crmak, et al., (1966). Plate and Lin (1966), and

Chuang and Cermak (1966) sh-wed that the velocity profiles in the wind

tunnel are similar to those observed in the atmospheric surface layer

and are in good agreement with Monin and Ohukhov's (1954) similarity

theory. This earlier success in establishing a preliminary basis for

the modeling of mean velocity profiles encouraged the present study of

turbulence structure in a thermally stratified boundary layer, the pri-

mary objective of which is to see whether a similar basis for the model-

ing of the turbulence ýtructure also exists. It will be shown that this

indeed is the case. The results of the present measu:rehoets will also

he used to enrify sonix of' the results and assumptions ,t 1:11ison's (1957)

theory. Fina liy, the results of the ntk-as'ared one- dimensional spectra

of vrloci tv and tte)errttut"r fluictuatlorns h-li be presented, and the.;e

will ibe coj.).,red hirh 1mrmoyorov': )1 Swm iartv theory for sa.tl!

scale turbidlcrice.
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Chapter 11

THEORETICAL AND EXPERIMENTAL BACKGROUND

Host of the research on thermally stratified flows has been done

in connection with atmospheric and oceanographic studies. A brief re-

view of the various theoretical and experimental works is given in this

chapter. Some earlier measurements taken in the laboratory flows are

also discussed. The need of more conrprehensi'e experiments in the labo-

ratory to verify and improve upon the existing theories and to develop

new ones is emphasized. The relevancy of the present experiments is

brought out in this connection.

2.1 Dynamical Equations:

The two dimensional boundary layer flow of a thermally

stratified fluid is considered. rhe fluid is assumed to be incompress-

ible aiho,,h the density is not uniform. This means that *I',e changes

in the density are entirely due to changes in temperature, not to changes

in the pressure. Then, the dei-sity and temperature fluctuations are

simply related as

, - _ t' (2-1)

in %4hich ;• is the ,wan den;itv, T the mean absolute temperature;

and p ' and t' are respectively the fluctuations in ) !nd T

Let U, V an.d W denote the components of the iean velocity,

and u', v' and .,' corre-pon.ling fluctuations in x, y mind z

di rect i &ns. Then, .h-e convent iona I houndary lavyr approximation for two

d~rti'•:Ufld '•.tm •tt,• n x.I :-plane x'.l:vs the tollowing equations:



a U a T aT au2T

2 _

Z az'u U aT

a- + -= 0 
(2-4)Tx 7 z

in which \ and a are molecular diffusivities of momentum and heat.

For turbulent motion, following the scheme of Lumley and

Panofsky (1964), or Monin and Yaglom (1965), equations can be developed

for any arbitrary number of single point statistical moments. These

constitute, however, an unclosed system. Of special importance are the

equations for the second moments which include the energy equation. With

an additional assumption of plane-homogeneity which is reasonable for a

well-developed boundary layer, the following equations for u' 7,

w' u'w', t'2 u't' and w't' can be obtained,

2 .F......

2 at az LT 7 -z P Pu w

r-- 3 u, (2-5)

I avl- ; • ' i I •v

S& P Vt (

t3 '- '- ()w 7 )

1,
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1- 1TwT ! 1 -3w' uau'
+u-w' I - = - p' (2-8)- -Tiaz T

-+ - a - = - 2 w-I t' =t- (2-9)
Tt 1(z8

aut a u~ttwt -V tt au 1t ptI
at a=£ az a z P ax

atwa' t' =-2uw't - (2-90)J
to LU w,

w't-a--T [u't' (2-10)

, + - + a awT '-7 - a w '] (--1-)

t az Paz T wz (

The dissipation terms Cut, etc., are given by:

ut L 3i are gienby

att ++ It 1 (2-12)

and so on.

On the left-hand side of Lqs. (2-5) through (2-11), the first

term represents the time rate of change of the turbulent quantity in

question,which vanishes tinder steady state conditions. The various ternsI

in the bracket of the .;econd term arv due to transport by diffusion. Of J
I
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these, the molecular diffusion term is usually negligible except in

the viscous sublayer close to the boundary. On the right-hand side, the

first term represents the effect of pressure fluctuations in redistribu-

ting energy among various fluctuating components. This term is absent in

Eq. (2-9). Terms like -5u'wT 'U 3z , etc., are the so-

called production terms which represent the work done by the mean flow

against the turbulent shear stresses. The absence of production terms in

Eqs. (2-6) and (2-7) is noteworthy. Thus, the energy is first supplied

from the mean flow to the longitudinal fluctuations alone; it is then re-

distributed to other components through pressure fluctuation terms.

Terms containing the buoyancy parameter T-, are due to ther',al

stratification.

Equations (2-5) through (2-7), when added together, give an over-

all turbulent energy balance as

0 z ,2 T V 1-

• -+3[ g wt ,2-13)

,2 -'-5 T t, --C-(2

in which ql = u't + v't + w't , and E is the total turbulent

energy dissipation. %uch information on the structure of turbulence in

a thermallv stratified boundary layer cou!d be obtained if the magnitude

of various terms in the dynarvical I equations could be determined. But

such a complete det-rmwinat ion has not been poss ib le so fa r even for

simpler unstratified houn:idarn, laver f'low'z. Mgeasuremenlt ot pre,'ire
fluctdat 101 terns has hcen h ,reat et1i obstacl. It . - thrt'ft mOre

CO vellictI t ol t • ultV th t, tota i elltcrv haltlince oer tht 'vt, A rr.s 'dd IuII to

.'. ro 0ec.t ; ' t k' I ,' :1I t iln ati on fc ti the t f ilt{ t1011 ýl Wtl oll It C.

"l11 1 S , .. t'' th I't od o . neot1t r.11r I o ndaill, I ltr I
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have been made by Townsend (1951), Klebaioff (1955), and Bradshaw (1967)

among others. It has been suggested (e.g., Rotta (1962)) that in the

wall layer diffusion terms are too small and production and dissipation

must be approximately in balai.ce. But, in the outer layer, diffusion

terms might be important.

For stratified flows thi, additional term due to buoyancy is

present. The effect of buoyancy on the energy balance is described by

the flux Richardson number defined as

R 9 og wt(214'f T aU (2-14)U'W'
az

If one formally defines the turbulent diffusivities of heat and

momentum as

w'to
K H - (2-15)

az

and
WtWI

K = __ , (2-16)
az

then, the relation between Rf and the ordinary Richardson number Ri

is given by

3T
SKMR. . . .~ Rf (2- 17)

i T U 2 KHt f

R iF positive for stable stratification and neeative for

unstable stratification indicating that in the former, energy is 1
drawn by the buoancy from the turbulence and in the latter it is

supplied to the turbulence.
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The energy budget in tht atmo-pheric boundary layer from heights

of 25 to 100 meters was given by Panofsky (1962). It was shown that the

a 2w
term -•- (q' w') is import'.nt for large negative Richardson number,

but it is quite small for small Richardson number. For the near ground

layer, which is not very strongly stratified, Taylor (1952) showed that

the production and dissipati(%n are the only important terms. Of course,

for strong stability cor instability cases, the buoyancy term will be

important too. Then, Eq. ?2-l3) in the absence of diffusion terms and

for steady conditions becomes

U'W' WWI ! + w1t' (2-18)
T wt

and can be used to determine dissipation c , which is extremely diffi-

cult to measure directly. Similarly, Eq. (2-9) can be written as

t = - 2 w (2-19)3z

which can be used to determine "dissipation" Et, , of the mean square

temperature fluctuations in the region where diffusion terms are likely to

be small. For a flat plate boundary layer, Eqs. (2-18) and (2-19) may be

expected to be valid for - < 0.1 , excluding, of course, the viscous

sublayer. All terms except E in Eqs. (2-18) and (2-191 have been meas-

ured in the preasent study. During discussion of results the value of

S, as d,ýteniined fro;n the measured -. ectra of temperature fluctuation

will be compared to that obtained from Eq. (2-1)).
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2.2 The Effect of Buoyancy on Turbulence:

Stewart (1959) has examined the effect of buoyancy forces on

turbulence by cursidering Eqs. (2-5) through (2-l1.) without the rela-

tively unimportant diffusion terms. Under conditions of stable stratifi-

cation, buoyancy directly acts on vertical fluctuations to reduce w'

as in Eq. (2-7), which then affects, in the same sense, -u'w' and

u,2 respectively, through Eqs. (2-8) and (2-5). Since the energy to

v- and w' is transferred from ut by pressure fluctuations, a

decrease in u' will be reflected in the further reduction of w' and

2also of v'2 The above cycle will be repeated until a new equilibrium

has been reached. This simple mechanism is by no means complete and has

to be modified somewhat by diffusion terms. But, the fact that the

effect of buoyancy is to suppress the turbulence as a whole, rather thau

the vertical component alor2, is clearly brought out. Still, the effect

on the vertical component is more significant than on other components,

which causes anisotropy under strongly stable conditions.

Stewart's (1950' physical arguments about the relative efficiency

of the pressure fluctuation mechanism and the decay mechanism furthe':

led him to the conclusion that the maximum possiblbý value of Rf under

stationary :onditions should be considerably less than unity. This has

been supported by all the experimental measurements of Rf, although an

agreement on what the maximum value should be, has not been reached.

This maximvum value of Rf has been referred to as critical flux

Richardson nunmer Rf , by Ullison (1957) and Tcwnsend (1958).
cr

According to owns•end, the critica; condition arises from a

in iiure to Ich icvCe VOIJi b rit:on inl the intý.ractions between the
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temperature (buoyancy) field and the turbulent motion, lie explains it

by expressing production, buoyancy and dissipation terms, for given
1

gradients of mean temperature and velocity, as proportional to 1S3

and )- o*wers of the turbulent intensity, respectively. Further, it

is explained that introduction of radiative transfer may change this

critical condition. For a non-developing constant flux layer near

restraining boundary, Ellison (1957) has estimated a value for Rf z0.15,
cr

after making some assumptions regarding the ratio q1 /w' and the rela-

2 --
tive destruction of 0 and ' in the imagined absence of their pro-

duction terms. Experiments of Ellison and Turner (1959) in the mixing

layer of salt and fresh water in a pipe also have been shown to favor a

value of Rfcf < .15 . Analysis of Proudman (1953) of data fr'im the gulf

of Kattegat, on tbe other hand, indicated a value of Rfcr = 0.3

It has been pointed out by Ellison (1957) and Stewart (1959) that

the ratio K I/KH increases with increasing stability and it becomes

very large near the critical value of Rf so that, there need not be

any limiting value of R. . Reporting on some measurements of J.S." ~1

Turner in the Cavendish Laboratory, Townsend (1958) has suggested that,

near critical conditions, the motion may take the form of irregular gra-

vity waves in which the transfer of momentum is much more intense than

the transfer of salinity (or heat). Stewart (1959) points out that it

is doubtful whether <;atisfactorn results can he obtained by treating such

a motio,, as turbulence in the ordinary vense.
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2.3 Theories of Turbulence in a Stratified Fluid:

2.3.1 The Monin-Obukhov Similarity Theory:

Atmospheric turbulence data have often been presented in

the framework of the similarity theory of Monin and Obukhov (1954). The

basic assumptions are that the flow is homogeneous in the flow direction

and fluxes remain essentially constant with height. Then, consideration

of the pertinent variables leads to the following length, velocity and

temperature scales:

3
L U.= -= HeK CLV ) '

T Pc

V = u. , (2-20)

Ho

and T - H)
PC p KU.

in which u, r a , is the so-called shear velocity, and H° is

the wall heat flux. The length scale L is called Monin-Obukhov length.

According to the Monin-Obukhov similarity theory, all the mean

flow and turbulent quantities when nondimensionalized by a proper combi-

nation of L, u, and T, , must be universal functions of the stratifica-

tion parameter
L

Thus, for the mean velocity and temperature profiles, the theory

predicts

u.4 ;(, ) ,(2-21)

and

21 2 1-2?2
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which on integration give

(z f(-) - f -F- (2-23)

O(z) ref = -LL

and

T(z) - '(z ) = T fref fT (2-24)
ref *L TL

In Eqs. (2-23) and (2-24), Zref is a reference height which can be

taken as some appropriate fraction of L

Universal functions 4() , f(z)T , etc., catnot be predicted by

the similarity theory alone. It has not been possible to determine the

"form of these functions from other theoretical considerations. Only

their behavior in the asymptotic sense of - + 00 has been predicted

(see Monin and Yaglom (1965)).

The so-called log-linear law nas been suggested as a first

approximation of the Eqs. (2-27) and (2-24) , It can be expressed as

i n z z z ref (2-2S)
U(z) - U(zr ) r K I- f + f LJ• Z~ref!

(ref)

SZre f ,

in which • and oT are empirical constants. There has not been

imich agreement in the valaes of these constants as rtported by different

authors, A dt.•i led account of the results from the atmospheric data

his been given by Mkmin and Yagiom (190(A). It is noted that oklv in a

very few caves have i. , u. , and 1'. bcere deteryn:ned from direct

measurement of fluxes. I:o,- stable condi t lonl I ivior I()(,()} and
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Takeuchi (1961) report values of 6 ranging from 2 to 10.

McVehil's (1964) results indicate a value of 7 . An earl;er set of

measurements by Plate and Lin (1966) in the Amy Wind runnel at Colorado

State University also favor a value of 7 .
Other important results of the similarity theory as applied to

the turbulent flow are, among others:

p F2  (2-s)

u F3 (T) (2-27)

R f1 (Z) (2-30)
-7 z

f (2-30)

\ = f. (z (2-32)

Functions F , F2 , etc., must be universal. Not many laboratory

experiments have been reported to check these results, Ellison's (1962a)

measurements irn grid heated air show only little effe--t of the heat flux

on the r~atios of the velocity fluctuation components and on the shear

stres!s correlation coefficient, t.ut strong effect on the heat flux cor-

relation coefficient. From the atmospherit boundar" layer. measurv;-kwnts

Support irg 0xc te,rory h ive Ibe,; reported by,v orlin ,!9('2) , and by 4ko'l",

and Y altj t lm, 'kr rvý:er',t res ults of • t) ' ,9,) , Wk:)rdukhovjch I

= I
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and Tsvang (1966), and Cramer (1967), who used measured fluxes, generally

support the similarity theory. The experimental scatter, however, are

too large to yield any well-defined universal functions. In some cases,

height dependency is also noticeaole. It needs to be shown that the

stability parameter z also correlates turbulence data from laboratory
L

flows. This is of utmost importance from the point of view of atmo-

spheric modeling, the requirements for which have been discussed by

Cermak, et al. (1966).

It will be shown in Chapter IV that the present measurements of

turbulence in a stably stratified boundary layer are in good agreement

with the Monin-Obukhov similarity theory. The results will be compared

with those obtained from the near ground laver of the atmosphere.

2.3.2 Other Theoretical Models:

Similarity theories are based on dimensional considerations, and

as such can,,ot predict the exact form of the universal functions. These

functions have to be determined empirically from observed data, or theo-

retically from consideration of dinamical equations. The latter approach

has been followed in somewhat different ways by FEllison (1957), Townsend

195l) and JMon in (19(,5) ( i iffusion terms have been neglected in all

these mode ls.

Lilison cons kered the flow over an iofinite rough plane. It is

asstimed thait the ;hear stress and the heat flux in the laver considered

rt'main on,;t'tant with thte height . lit, considers the dynamical

Fqs. ( , .-' -) -II ,rid 4 -1 1 . ith out the dk tlfiis: ii termn s, ,and i nt roduces
---.

Cca' " -. I 'F I d 1 for t'-, q'- and ' , tch ttii.it in the

hi n':e • P, !r dlu,.t on tor.,-'; khe' i, q uantities Would he.,Ir to tic dc-

Ill A (J It edI
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-+ W - = 0 (2-33)

zjt + WW W t, 0 (2-34)

4Wt- + 1 -3T 9 77 0 (2-35)

From Eqs. (2-33) through (2-3S) , the following expressions for

the ratio K./KM and the heat transfer correlation coefficients yWitt

are obtained.

K q I TRf 1 +
K(2-36)

T2M 2 
4

3 -

1 -R I +

2 _ ('t 1 ) W (2-37)
Ywt --- T

wo tf- 2 T ( I - R)

33li rth r, ass.:i r~g tl Wit TI , . and T3 remain in rough ly fixed

ratios ever, as these viary with ¾tabtl ity, and that - and

".: w" 5.3 , LI I icon obtains from Lq., i-36) a value of

R I. It ha;s h•en stuggested that Rk,. might be even ;maller
•r

as the r it ' o may in,.rea.•e near crit icli condiitions. iut,

1't 0ou -1 1' 1 V 1, varx ý,Ith ;tai'llit'v which canw on 1v he deter-

rt ct,, r :! t71 t \.nt he- az,-,, 7 tion rogiad.i:" the value of
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T1/T2 in Eq. (2-37) leads to the prediction of -Yw I 0.3 , in

the near-neutral conditions. Based on the assertion that T2 is deter-

mined by typical length and velocity scales of the turbulence, and tak-

ing ) for the velocity scale, Ellison defines a length scale

LM = T2 (q,-)i It is predicted that 1.M will be proportional to z

in unstable and neutral conditions and proportional to L in very stable

conditions. Aaother length defined as H (t)/ - , will give

some idea of the vertical distance traveled by fluid particles before

either returning towards their equilibrium level, or mixing.

Experinmntal verification of Ellison's results and the assumptions

in the model has not been made, so far, under proper conditions of the

model. Webster (1964) discussed the theory in the light of his measure-

merts in a .;tably stratified flow taken at the centerline of the wind

tunnel. After passing the air through heating arnd shear grids, almost

linear velocity and temperature profiles were obtained in the neighbor-

hood of the centerline. It appears that Webster's flow regime is hardly

the same as visualized in Ellison's model which assumes a constant flux

layer near a restraining hcundary. Requirements of the model flow have

been more nearly realized in the presenc experiments. Complete verifica-

tion of the theory requires measurement of U'" , v'" wl' "

uw and wTt' in the constant ftlux laver, in addition to the mean

velocity and temperatcure profiles. I'his has been accomplished, arnd the

results will be dis cussed in Chapter IV.

rownsend (19: 8) has considert-,v the turbulent flow tn a stal1v

strati fied f lui d far from the rest rainit i: boundaries i!'. lt I, rat t to0

lII i ;on's (19N 7) t'l o%. rvrKl rtr , I Io nse:klI asstumf.es hiis f oI , to b0 !)C 1 ; I ,1-

gelicouis In t h di it. lo l on o hea r tu;d ;nhmo i s 1 ii'i , rect i ln
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of flow. The equations of energy and mean square temperature

fluctuations are considered, and dissipation terms in them are expressed

in terms of two length scales. After introducing some simplifying as-

1 F
sumptions, Townsend predicts a value of Rf = Furthermore, it

cr
is concluded that the turbulent intensity will be finite in the critical

flow, and that a sudden collapse of turbulent motion will -'ccur as the

limit is crossed.
I

In another theoretical r Jel, Monin (1965a) assumed a flow

regime similar to that of Ellison, considering at the same time the con-

plete set of dynamical Eqs. (2-5) through (2-11) . A semi-empirical hy-

pothesis is used to express the pressure fluctuation terms in terms of

Reynolds stress, e.g.,

a' + w ) -1 u'w', (2-38)

etc., in which B1 is a positive coefficient. Monin obtains the fol-

lowing equations from the solution of Eqs. (2-5) through (2-8).

2=
l V7 w,

S-"2 • " -- 2" !! I + ,• Vf-l(2-39)
k . U, u U.

It is pointed out by M~onin that u't' is probably too small, so that

the right-hand side in Eq. (2-39) may be approximated by two. However,

simultaneous measureutents of ut' mad w't' in the atmosphere, by

Zubkovki and I svang (1960) , and by Zubkovski and Kravchenko (1967),

indicate that u'ti is, in fat, several times -- 7T7. The ratio-

;hows a tendencv to tincrease as stabilitv increases. It will be shownI$
IL _______________________________________________________________
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during discussion of the results that the present measurements also

confirm the above mentioned results from observatijns. Therefore, it

appears that Mlonin's assumption that u't' is negligible is not jus-

tified at least for stable conditions.

Monin's use of another hypothesis that c, ct., , etc., are com-

pletely determined by q', t' , and the turbulence scale k , leads

him to obtain an interesting relation

K H = C Yw2ti 1 + B (2-40)

in which C is a constant.

2.4 Turbulence Spectra In a Stratified Fluid:

In section 2.1 the spatial budget of energy in a stratified shear

flow was discussed. More significant information on the turbulence

structure is obtained from consideration of the spectral energy budget

which describes the distribution of energy among eddies of various sizes.

While much of the work done in this direction for unstratified fluids

(see e.g., Batchelor (1953a) and "rowi.end (1956)) is relevant also for

stratified fluids, added effects of buoyancy must be considered in the

latter case.

2.4. 1 ,Lpect ral [quIt ionl"'

i, I iok , lallo) first preseln ted A theolrv'l caI I m1 dcl for the

spc •.t rum It' elIc rCv, I I A I)! tI h1110IIO Oll ,I, tI 06 Of "t A I., sth ',r t It ' -d

' AllId. III h1 s lor , til" et t I ut ii All sI- td re;V a rl Ill,: tfoi:m t hc ct*tc kt kth

•h,~ I i eri 1>\t'I'. ri'r'evi tI'r l I 1 i,1 . c'It t I ,. w,lt
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considered, and spectral equations of mechanical and thermal energy are

derived. A more detailed derivation of the spectral energy equations

has been given by Lumley (1964b) who brings out the complicated nature

of spectral transfer terms.

Following Phillips (1965), the energy equations in the wave num-

ber space for two dimensional, steady, plane homogeneous flow can be

written as

2I

S (k)--a E (k) + H(k) -2v k E(k) (2-41)
a3z ~kT

aQT(k) l1(k) T 2

- H k- a--z ak T (k) - 2ak ýT(k) (2-42)

in which E(k) is the three dimensional energy spectrum and CT(k) the

corresponding temperature fluctuations spectrum. In Eqs. (2-41) and

(2-42) the term on the left-hand side is due to diffusion in the phys-

ical space. On the right-hand side, the first term is the production

term: S(k) and H(k) being respectively the co-spectrum of -u'w' and

w't'; the sec--d term represents spectral transfer of energy; and the

last term is viscous dissipation. The appearance of an additional term

11(k) in Lq. (2-41), is due to the effect of buoyancy.

2.4.2 Form of Equilibrium Spectrum_:

The so-called equilibritv7 range of the spectnrm is char-

acterized by eddies of sizes much smaller than the scale of en,.rgy

containing eddies. According to ko lmogorov's (1941) theory, the

structlire of such cddiec. remains largely urnjaffocted by the larve SCaIle

i
I
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motion. "Mis leads to a universal form of the spectrum in the

equilibrium range. Then Iqs. (2-41) and (2-42) are reduced to

- .k f'(k) + TI(k) 2v k2 E(k) = 0 (2-43)

T2
H- I(k) .z - - :"1" (k) - 2xk gT(k) = 0 (2-44)

The terms containing [I(k)have been retained in the above equations

to include any possible buoyancy subrange in which 11(k) is nit negligi-

ble, but S(k) is negligible.

Some progress toward solving Eqs. (2-43) and (2-44) can be made

only after assuming some hypothetical rel._*Ions for spectral functions

E'(k) and c'T (k). Even then it has often been found necessary to

further approximate these equations for certain, .aLher vaguely defined,

sub-ranges, and thus, detern-ine the shape of the spectrum in a piece-

wise fashion. This requires the usual assumption of very large

Reynolds number.

A. Inertial and Convective Subranges"

Mos* important of the abovc-mentioned spectral subranges is the

so-called inc -tial subrainge in wl,ii:h the energy is presuma1, I I iis-

fell ed ro-lm i ow to ad I'InIt high h ave numinber- t itbout anrx, 1();s or gain.

[hic rrt->poiidi.g r.ugo 111 theI -;*'ct 1'11111 Of temuteat u10- fLI c t u It Ik

Is ' ca led on''" • ckt. i l, c b e't' \teorC tt0 I'd ! to) Ko I mon o. •,," t hc ,o iV

rot e 1 - di !:O1( 0•!l 1,\ oniO( aTi Cn i, • 111 1 0itl i t I 1140 'tiiI h it

Lhtor:
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and the corresponding one-dimensional spectrum of u' - component, the

form

d213 -5/3 (-6
F, (k I a1I k (2-46)

where A and a1 = L-58 A, must be universal constants. In Eq. (2-46),
2n f

k is the one-dimensional wave number related to frequency as k = --2,-

The results of the theory have been verified by measurements of Grant,

<tewart, and Molliet (1962) in a tidal channel; by Gibson (1962) in an

air jet; by Kistler and Vrebalovitch (1961) in grid turbulence; and by

Poii2, Stewart and Burling (1963) and Zubkovski (1962) in the atmosphere.

The value of the constant a ... en found in the range of 0.50 -

0.05. In fact, a -5/3 behavior has been observed also in a variety of

other measurements in the laboratory and in nature. The universality

of the constant al , however, has been questioned by Lumley (1965b) who

reported on the measurements by Margolis and Lumley (1965) in a curved

turbulent mixing layer to show that a could deviate significantly

from its supposedly universal value of about 0.5 depending upon the

ratio of production to dissipation. It has also been suggested by him

that similar deviations could occur under conditions of strong stability

and instability. In a later article by Wyngaard, Tennekes, Ltumley, and

Margolis (1968), however, it has bcen pointed out that some serious

errors had occurred in measurements of Margoiis and l.umlf (i1965), and

therefore, limley ,s remarks questioning the universality of the constant

were incorrect..

Fhl !rtsent result , one.-dimensionail sreTraki ot vC and w

will i rw sent t l in 'h itcr I \ . lheIC I• t , ke , Cd in the , ight

t, ko li',I Iorx , im i ir'I t y t hu rv,
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2:orrsin (1951) has extended Kolmogorov's ideas of local isotropy

to determine the form of the temperature fluctuations spectrum in the

region where convective and inertial subranges overlap. It is given by

!T (k) = AT Et, -1/3 k 51  3  (2-47)

in which .AT is a universal constant. A value of 0.35 for tlie ,zonstant

for the corresponding one-dimensional spectrum yt (kl), has been

given by Gibson and Schwarz (1063).

Inertial and convective subranges will coincide only when the

Prandtl number is unity For very gmall and very large Prandtl numbers,

the form of the temperature spectrum in the non--overlapping range has

beer determined by Batchelor (1959), and Batchelor, Howells, and

Tow• snd 01959).

B. Viscous Subrange:

For wave ,umbers larger than those characterized by inertial or

convective subranges, fqs. (2-43) and (2-44) reduce to

- -z - '(k) - 2vk L(k) = 0 ?-48)

' k) - 21k" : k '-49)

ht, s i o s . (.' .181 and ( -,9 eseCnt 1 IN' l Jepcrld 0nt,,'id i t i ,'r ut oi ls o

ti" lt, I itotionll , thit he. 1w maild for st i1ll ikniwr in -ptA .,1

ti11X ' aln) ,lKd L I i'l -i '.nr ci ir t lh~ ' o

f l ,ii . cntcr 1'.1I;) ,i, kL\,,-LI ,A 1' l'S'
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ilei:;etnmrg's eddy viscosity approximation leads to a behavior for

the Spect rcu in the large wave number region. Chandrasekhar (1949) has

generalized Ileiscrherg's treatment to obtain a form of the spectrum in

the transitional range. Kovasznay's (1948) hypotheses leads to a form

of the spectrum with a finite cutoff wave number. A simple modification

of his model by Pao (1965) leads to a spectrum with exponential trail.

Models proposed by Ellison (19b2b) and Kraichnan and Spiegel (1962) also

have expenential high frequency ends. For the spectrum, of temperature

fluctuations Corrsin's (195,j extension of lie:Lsenberg's theory also I
leads to k- behavior. The form of the spectrua in the vicinity of

3 < /!'/4 4

Kolmogorov wave number k = -- does not seem to be very sen-

sitive to the assumed relation for the spectral flux, and most of the

proposed models represent the experimental data adequately. It will ie

shown in Chapter IV that measured spectra of v', w', and t' show

-7
k behavior as predicted by Heisenberg's theory. For very large wave

numbers, however, validity of various models is doubtfal.

C. Buoyancy SUbrane:

A buoyancy suhrange might precede ,;,, inertial subrange of the

spectrum in stratified fluid. tunder certain sp "i:il circumstances.

For stable conditlons to theories, one P-o' tlolgiano (1959, 1902) and

the other dtlc to 0 111le' .1T0.a , 196• 1).( i, hakve' Ibee-nI proposed. These two

th',ri -. ~ bi '-'� k il'. o dittv rc t physi, i ll '(1t1Iiii ses l.nl e'Lad to diffet rent

Alrt.l t 11 1it 01 . t ct"' i ia . t c T- 0!w 1r ortdi ts a t.v

tt , i ttle k her ;., 1r 1tkr thoI-I

t'l~'Yi t~<[ t~l{t'! t i C ,'C<" !,t ;''•? ',l l,• ', •,< ,rd l l• <, tllllI

I
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turbulence or under strong inversions driven by flux divergence. In

steady shear flows as in the present case, no buoyancy subrange is

expected. Measurements in the atmospheric surface layer, as well as

those of the present study to be presented in Chapter IV, confirm this

conclusion.

2.4.3. Turbulence Spectra from the
Similarity Theory OT 7loonin and Obukhov:

Most of the atmospheric data given by Russian workers,

(e.g., Gurvich (1960), Tsvang (1960), Zhubkovski (1962), etc.,) on the

turbulent spectra under stratified conditions have been presented in the

light of the Monin-Obukhov (1954) similarity theory. Accordingly, the

dimensionless spectra of various turbulent quantities must be son2 uni-

fzversal function of dimensionless frequency -U-- and stability parameter

_-, This theory should be valid for the part of the spectrum outside

of the dissipation range as against Kolmogorov's theory which should be

valid for the dissipation range but not for the energy containing range.

The form of the spectrum in the inertial subrange is the same for both.

Cramer (1967) reports that results of similarity norrmlization for u',

and w' spectra in the atmosphere are quite successful for un-

stable stratificat ion, but unsatisfactory for stable ,trati ficat itum

I I ihe Need of L.alboratorv St uti i

lhLt forepL uiýn di stm- oun has sunari :ed thy ,.; Ist ng thuOret I'l1 I

and ii 1 1 rt• ' iodc k for , - h I I' i.n t hc t uzr' iIle lce ti thern'.al1, ! s t ritI

fiecd fli - [hcsi ,u•,, h S K , 'cn ,ececl,'p rmri , I v .fur te k f ! : l'.se'*'

1f stlds, ug1 *•.t D• i t ruiI < • I, 1 I', !" ~t t'It . .. ' .... t
t! ;t',jIk III" 'hý l,!l k| c

LS ;C•• •II *" ' ,i; ',," o -" • ' of "I",•'. d <VIJ; ~ ~ ! (l,:c ,[F ,, to



be fairly well realized if the terrain is flat and uniformly rough.

"till, a great numb r of variables met under natural conditions make

it almost impossible to check the fEner points of the theory, and to

provide some missing links, viz., tie value of empirical constants or

thle precise fore of the universal functions, etc. From this point of

view alone, it is necessary to study model flows in the laboratory.

The ultimate aim, of course, would be modeling of various atmospheric

phenoraena ovce the preliminary bases for similarity between atmospheric

and model flows have been establisLed. The meteorological wind tunnel

at Colorado State University was designed and bui>' for this purpose

in 1962 (see Plate and Cermak '196^)) and contit,,n'us efforts have been

made in this direction since then (see Cermak, et al., (1966)).

Plate and [,in (1966) h:,ve s'own that velocity distributions in

the wind tunnel are in good agreement with the Monin-Obukhov similarity

theory; the value of the empirical constant 6 is found to be the

same as determined frorr measurements ir, the atmospheric s-urface layer.

Fhis ,urprising success in establishing a modeling basis for the mean

velocity by using I, as length scale led further to a program (see

Arya and Plat( ,1967)) of study of :hv turbulence structure in the

stratified boundary laver. [he rtc.•n study was conducted broadly l i,

kveping, with thlis proglri:. It 'will he shown in the di scuiss ;io of the

re!sultst th,,t thic 'mia- kIV 'l .aritv theory does in fact provide

at god ýasJ for T!d:vid1!mý ; of tr:muIntcnsttit"- .ld other turbulent

Ot hi',r.,t l . r)-,r 1,ri ' 1 i , d i c 'soJ 1 in the light

0t I' t i nll' tt- I ttl , t t l" k-Ir•t, n i t Stti
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Chapter III

EXPERIMENTAL EQUIPMENT AND MEASUREMENT PROCEDURE

This chapter gi us a brief description of the equipment used in

j the present study, and the procedure and techniques for each set of

measurements. Emphasis is given to turbulence i,-'asurements. Sources

and nature of experimental errors are discussed, and corrections

mentioned, where applied. All experimental work was done in the Fluid

Dynamics and Diffusion Laboratory of Colorado State University.

3.1 Wind Tunnel:

Experiments were performed in thC thick boundary layer of the

U.S. Army Meteorological Wind Tunnel (Fig. 1) at Colorado State Univer-

sity. ]This facility has been described in detail by Plate and Cermak

(1963). The boundary l.ayer was developed along the floor of the 80 ft

long test section with a 6 x 6 ft cross section. At a distance of

40 ft from the test section entr-•ncc, 'he test section floor changes

from plywood to a 40 ft long aluminrim plate which can he hcted or

cooled from be'cw to ;tn. temperature between 2u, and 35001 . An air

conditioning system allows for the ambient air tempcrature to be main-

ta inled 1CteWCen 1I Mrid It'() '. I[or ,i t:present studi , t.h, temperat tire

Of the pl itc C Js h-• c i at ,lhtut 1 ll thAt of t ht' iir otsi de thI

ho l.i, , lavcr it 12'" 1 t. i d~ ". I ; l, Withi "re c ; ,u ~ I o t I CS

tf ,i;('"r1 , t ., ' 0 . Ilid 10 t'p, t - ,c 't" .tikldie, 1ýJ 0'>,c ,we r .I 1%111ýC

ot "t,01i lt ieý' trI4¶ itt !i' lriit to t, :,,td itl 'i\ - .
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The Idjustable ceiling of tic wind tunnel was set to obtain zero

pressure gr.•.eit. The hotmdary layer was artiiicially tripped by a

saw tooth fvoce which was preceded by a 6 ft section of 1/2 in. gravel

roughness placed around the perimeter. This was done in order to ensure

a weil developed boundary layer at the peasurement station located 78 ft

from the entrance of the test section and 2 it. before the end of the

cooled plate. At this station, pitot-static tube, thermocouple and

hot-.qire pobes (Fig, 2) were mounted on a vertically movable carriage,

allowiyb them to be SCL Jt -'> neight above rhe floor by remote control.

3 2 Mean Velocit- Measu',ements:

A 1/8 ;i,. dtameter staidard pitot-static tube was used as a prooe

for inca: velocity measurements. 11 was connected by flexible tubing to

a Trans-sonic Type 1207 Equibar pressure meter (Fig. 3). This irstru-

ment was calibrated against a standard Mcria'-. •'1del 34 FB 2 hIM micro-

matnometer. No detectable difference was observed between the two within

the rangt the present !,easurements.

bcecause of it-.; -mýisitivity to dynamic pressure changes due to

turbulence, it i5. very JiffU:iilt to read the 1vans--sonics mr.ter acc:-

rately. For bezzer icti~racy, th: mean ,•osi'lon of the pointcr was

Jeternmined, for some -'Q..i, b'y ritegratitli. the elvctrical si.i: I outlp~at

fro,• the" mieter, cvcr a peOrid ,f four ni,'ates wit> the help of a

s•1eC iii l v .dc l c lntegixitor cir,-Lu t . Thc circuit oe., fir,t c':I ibrited

by tvput t il, t ht, r t r; t}c UIur lItInt t're S -I I e '.

-vLi > 3r '! 1iL tt -t ,t I t I. t b l e 1 sizrelftflc c. h , D

-I i'6,I tHr i1;) o S -,,dh rn

I
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Correction for the turbulence cffects on the pitot-static tube measure-

ments was found, following Goldstein, about -2% at 1/8 -iii. from the

wall and much less farther away. Ilinze (1959) has questioned Goldstein's

method which assumes lateral-velocity fluctuations affecting the pitot-

tube reading the same way as longitudinal fluctuations, and has sug-

gested that the effect of the former is appreciably less and may be

even of opposite nature.

3.3 Mean Temperature Measurements:

The temperature at any point in the thermal boundary layer was

measured with a copper constantan thermocouple with its reference

junction in the ice-bath. The thermocouple e.m.f. was read out on a

sensitive millivoitmeter. The temperature of the plate was determined

by a set of thermocouples embedded in the plate.

Errors in the temperature measurements were also considered.

rhose due to thermal lag of the thermocouple were automatically elimi-

nateJ by taking point by point measurements and allowing sufficient

time for the junction to attain a steady temperature. Following the

maethod giv en by Kreith 11"6-." errors due t thermal radiation from

thie IuLIcion to the wall in• the presence of forced convection were

es t imated and foin," to he about 0." 1. and nearly constant throagh the

nt-laiir• 1ayer No correctije wa-s appplied for thermali radiation, since

it would n.)t Affect the re Lit ' ve temperatures in the hotud :rv layer.

I
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1.4 Measurement of Turbulence:

3.4.1 Hot-Wire Anemometers and Related Instrumentation:

Four types of hot-wire probes were used in the present

experiments. These were: a thin wire operated as resistance ther-

mometer to measure t' , a normal wire to measure u't', and 1'2,

a yawed wire to measure u'w' and w't' , and an x-wire for measuring

2 2'-5
v' and w'.

The resistance thermometer consisted 9f 0.000025 in. diameter,

0.1 in. long wire, made of 9010 platinum and 10% rhodium, with an elec-

trical resistance of ?bout 1000 ohý4s,. It was used with a Wheatstone

bridF- (Fig.4) specially designed to pass a small current of 0.1 m.a.

or less through the wire. The high resistance of the wire and the

small current insured that the wire operated essentially cold and was

sensitive only to temperature fluctuations. No detectable sensitivity

to velocity fluctuations could be found. A detailed description of this

arrangement has been reported by Chao and Sandborn (1964).

Oth'er hot-wire sensors used in the experiment consisted of

0.0003 in. diameter, 0.05 in. long, 80% platinum and 20% rhodium wires,

3
mour, h on in. diameter ceramic probes. A two channel ccn.--nt

temperature transistori:ed anemometer (Fig. 7) designed at Colorado

State University by Iinn and ;andborn (1967) wa;, ased. The frequency

response ot " :s ins' ., t is flat up to 50,000 cps or greatei.

For MtCisUrinl rmis ýaiues of the !'luctuating electric signals,

a BI-'11,I and kKiL'.r t1*i v It'; . ct C ig. 3! wac, used. The frequenc%

respo,•,u ,'t twv ;v0i* t! c r 1 t . i t Within 2-2. ,,00 C ,':. !1tc ! nst.ro

ment -111 .ii O t1c .'-'tid A I liurattd .r,1pli iti r w.th a aixi lrnu .ý,1I11 u

1f}•:' .
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Because of the low level output of the resistance thenrometer

wire, it was necessary to amplify the signal before rea,!ing on the rms

meter. For this purpose, a Tektronics Type 122 low-level Preamplifier

was used. No amplification was needed for the hot-wire anemometer

signal except when recording it on magnetic tape.

3.4.2 Measurement Techniques:

In a thermally stratified flow, fluctuations of temperature

are encounte-ed in addition to the fluctuations of velocity. Since the

hot-wire responds to both types of fluctuations at the same time,

measurement techniques are merc inolved than with velocity fluctuations

atone. Methods of measuring turbulence in the presence of temperature

fluctuations have been pointed out oy Corrsin (1949), Kovazznay (1953)

and Morkovin (1956).

In the present study, the techniques developed earlier by Corrsin

(1949) and Kovasznay (1933) were slightly modified to achieve better

accuracy. In particular, an elaborate direct calibration procedure, to

be described later, was adopted for determining wire sensirivities to

velocity and temperature changes, instead of depending on theoretical

relations which cannot properly take into account all the experimental

conditions. A morn detailed description of the measurement technique

has been given by Arya an.' Plate (19()8),

Fol lowing the deri at ins Kv.ien by %'orrsin (19.1)) or Sandborn

(.7) one can write the Ol filowing Ti q, VI t 1on ti" L IAsponc of ai wire

held i n the x- z plane at an ai)' C - to the di'rect tli• ." . _!,

._ jigi . 31.
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u3 I + ± 33 W, + 313 t' (3-1)
Mi 30 C

in which el represents the fluctuation in the wire output, and

3E3 K 3E3
and Tfare respectively the sensitivities of the wire to

velocity, yaw angle, and the difference in the temperatures of the wire

and the air. In the following discussion different wire configurations

are considered for the turbulent quantites that can be measured.

A. Normal Wire:

0 3E3
For a normal wire ( 900) 0, it follows from Eq. (3-1)

that

el= 1Eu + t

or

e'= S u' - S t't (3-2)

in which s-mbols S and S thave been introduced for convenience.

After squaring Eq. (3-2) and taking tine averages one obtains

t2 2
Y u x 1.- 't, X + to' (3-3)

in which

iand tI

S

I 'pat In t 'l tirtho I represenit i rig in fuivc! onat re I it 1oýn-

L' Ct t T~ r1 - T it out illit I) f t IhI - l, I ari th Iv WL re ~cs c 1 It I it
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parameter X. In principle, the three unknowns U'" , u't' and t2

can be determined from Eq. (3-3) if three pairs of X and Y are

measured. In view of probable experimental errors involved, however,

a more than minimum data procedure suggested by Koasznay (1953) was

preferred. Following this procedure u' , u't' and L' were determined

by theý least-square method, from 6 to 8 pairs of measured X and

Y. Althouglh fairly consistent result; were obtained for u- , the same

was not true for u't' and t' which showed considerable scatter with

often highly unlikely values in the low turbulence region. The same

type of difficulties were earlier reported by Johnson (1955). This led

to a closer examination of the whole procedure.

Ihe fact that it -is very difficult to make reliable measurements

at low ,-erhat ratios, which would be necessary to obtain small X

values, offers an explanation for the observed anomaly. For X 0,

the shape of the parabola of Eq. (3-3) is most sensitive to the

coefficient of X , less sensitive to the coefficient of X, and least

sensitive to the additive constant t'-, especially when the last two

coefficients are snall, i e., in the o~ter part of the thermal boundary

layer. Unfortunately, large X values arc as-1sociated with small

velecities andi hence a low level of t :rbulence, Inversely, if one want,.

to dcte rmie the unknoýtn cotte i k.lt I It iS'-. I't' and 1': from

,neamsmrid pairs of \ *nd i in the rtegion 0 >' 1), the re(-; lt.; ; would

be fairly re li--ble for II less re'lii ble for I't '', 'nd least re I ab le

tor t III t'ýct , It Is •.oilce viVi' thi0 t evcli !Ic It , VI I ues of t -

could be ourt$!.•d,:,_ i ie of lnel 'I Ic r rs .:' nnrcrnent 11, l('thl•.l

de' b ud l t' Iii thet'rt •!~ '. ii !h•, 11w!' 1''* , . - •! •U t l•'. 2", ,!',rn ! tr~
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u't' and t'i in low speed and low turbulence level measurements.

As a proposed modification of this method, it was considered

necessary to make an independent measurement of t" by another wire

operated as a resistance thermometer, and to use this information in

Eq. (3-3) for determining the remaining two unknowns uI and u't'

from normal wire measurements. This was found to improve the accuracy

of results considerably. For th-s purpose, the two wires, one sensitive

only to temperature fluctuations and the other sensitive to both tem-

perature and velocity fluctu.itions, were mounted parallel on a single

probe. The Eq. (3-3), then, c.n be written as

xu' -2 ut' X (3-5)

in whicih

S e,2
"(3-6)

St

which can be solved for u'2 and u't' by the least square method.

For consistent results, 4 to 6 independent measurements of X and

I over a reasonably wide range of overheat ratios (1.1 to 1.5) was

foond sufficient. This method a "led for all the measurements of

u , u't' and t' reported in Chapter IV.

B. Yawed Wire:

It will It, shown in the following that wire yawed to the direction

of mean f!ow can, effect ivel', be used to measure, turhuient shear stress

l'OWI and hvtlt flux w't A v.iwed 6 1rv i , t) i

t .[. a 1• iq rait In pocedir ther h t rttrequi•rt-
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measurement of in addition to and required of a normal
es m ro

wire. This is indeed very complicated.I Some simplification can be obtained if the fact that a- depends

on TU is considered. If the so-;:ailed "cosine law" were valid, the

relation between the two would simply beI 1 E d E

Li 3E coc o . (3-7)

This, of course, is based on the assmilption that only that component

of the velocity which is normal to the wi-e, contributes to the heat

transfer. That this is not exactly so has been shown by Sandborn

(1967), Webster (1962), and Champagne, et al., (196?). It is shown in

Appendix A that after allowing the parallel component of the velocity

to play scme minor part in the heat transfer from the wire, Eq. (3-7)

is modified only by a constant factor as

1 c -- cot (3-8)

in which for a given 0 , c is a constant close to unity. An esti-

mate for the present experiments gives a value of c = 0.92 for

0 + 450 (See Appendix A)

It After substituting Eq. (3-8) in Eq. (3- P, one obtains

i - -' , Co w , cot ), (3-9)

from which follows, when " 45(,

S ( u' * , w' j ' t' (3-10)

1tL
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and, when - 5~

el U' -Cw , -S t' 3-l
LI t

Squaring and time-averaging Eqs. (3-10) and (3-1l) and subtract-

ing the former from the latter, will result in the following equation:

2
-4 c u'w' X' + 4 c w't' X (3-12)

in which

S2S2 1

t

and (-3
S

St

Eouation (3-12) is similar to Eq. (3-5) and can be solved to

determine u'w' and w't' by the least square method from, say, 6 to

10 measured pairs of' X and Y. All calculations were done with a

IBM-0400 digital computcr. Trhe computer program for Eq. (3-Sý or

(3-12) is given in A\ppendix B.

C. X W WIr:

Fhe vertitcal and lat ra 1 components of the ye I ,cit v f l.uctuat ion

are m~eatsired hY op-.ýrat i ig t%() wei I -mari <:Ined w i re, i1¾4utoltŽ on a s ingle

prohe in thc shai~c of \ is v convenitiolial hot -wire xiineroriet ry

"N. . . .. .1ZI's I t ll w

t~ro44 4n 4 t t
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e1 =e c S w' (3-14)

or

d (3-IS)
D, C u

in which e d is the rms of the instantaneous differe!nce of the sig-

nals from the two wircs.

Similarly, Vv' is measured by operating the X-wires in the

x,y- plane. The method is simple, but it is necessary to insure that

the sensitivities of the two wires do not differ by, say, more than 5%.

3.4.3 Calibration Procedure:

The calibration procedure for the hot-wire in the present

experiments was designed to furnish values of L and 21 in the
au DT

range of velocities and temperatures which the wire encountered during

actual measurements. For this purpose, a set of calibration curves

was obtained by placing the wire in the turbulent free stream outside

the boundary layer and measuring E vs U for various wire tempera-

tures, keepin :ht- a air at a constant temperature. From these curves,
was determined by measuring slopes off th- F vs II curves, or

b) differentiating a mathematical curve based on King's law or a

simijar powcr law relation, fitted through the calibration point,;. [ihe

latter approach has been fouLnd to lie more conv;!.--nent and t.: give better

and m-)rc tOlnsitet'i ' rý,itlts.

j111 :-ci~s ti &tv ,! ,was similarly measured after rcplott ing th,.

C illrat ion d it it, the forn ft" i vs I' TA ) for- "onstaInt II valties.

Ihe resilz , ot ' t yv ,c.m I cal ib j. i,'r of A 0 .tH) 1 inch d t t V r :1 it i-itu ,
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rhodium w'ire are shIjwn in Figs. 6, 7, ard 8. The calibration procedure

was repeated for each new wire and also when the wire calibration was

found changed during routine checks, which were performed every day.

3.4.4 Errors in Turbulence Measurements:

It is known that hot-wire measurements of turbulence are

subjtect to various types o:-- errors. Those of random nature occur in

the process of calibration, reading instruments, alignment of probes,

etc. Systematic errors are introduced due to finite wire length,

gradients of velocity and temperature, proximity of solid walls, high

intensity of turbuience, irndequate frequency response of instruments,

and due to approximations Pw vo!ved in evaluation and calibration tech-

niques. Most of these errors become large only when measurements are

made very close to the floor, say, inside the viscous sublayer. The

present study pertains to the region outside this thin layer. Errors

due to gradients of velocity, temperature, and turLulent intensity are

important only in measurements with yawed and X-wires. X-wire

measurements are furthermore affected by the correlation error due to

finite separation distance between twc wires. For these reasons, yawed

wire and X-wire results are subjected to a greater uncertainty level

than those of normal wires. In the absence of any suitabl• technique

availib ble for corr,.'eting nett-wire measurements in combined tvmper.1tUre?-

veloCittv flow ficids, no ýorrections were applied in the present tur-

bulenc, measur'ments.

I

It
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3.5 Measurement of Frequency Spectra:

Frequency spectra of lateral and vertical velocity fluctuations

and temperature fluctuations were measured at selected points in the

boundary layer. For this purpose fluctuating signals were recorded on

FM magnetic tape after proper amplification, and were later analyzed on

a Bruel and Kjear Type 2109 spectrum analyzer (Fig. 3). This instrument

consi ts essentially of a set of passive filters in the range of 1 to

10,000 cps. The filters are of octave type varying in band width

approximately proportional to the central frequency.

The spectral measurements are subjected to error:; due to finite

wire length, filter band width, and noise. Due to fifite le)ýgth of the

wire, two or more eddies of small size may strike tie wire simultaneously

with the result that the measured power would be larger than the true

power. For this error to be small, wire length should be small compared

to the wave I .2th of a particular wave number. The present measure-

ments do not cover wave numbers larger than 1100 ft- wh;_-h is -:l

below the value of 1S00 iý corre_.ponding to a wave length equal to

the wire length (0.05 inch No corrections have been applied _o the

Spresent spectral measurements.

jI
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Charter IV

RESULTS AND DISCUSSION

The results of the measurements in a stably stratified boundary

layer are presented in this chapter. Some broad characteristics of

the momentum and thermal boundary layers in the Colorado State

University Army Meteorological Wind Tunnel which was used for this study

are discussed. The turbulent intensities in the stratified boundary

layer are compared with Nose obtained under neutral canditions.

M4easurements of turbulent fluxes and correlation coefficients in the

lower half of the boundary layer are presented, and the effect of

stability on these quantities is discussed. Probable errors in the

measurements are also mentioned.

Emphasis is given to the 5o-called wall region of the boundary

layer. The results of the mean velocity and temperature profiles,

turbulent intensities and fluxes, and other parameters such as -H,

KM'

Rý, Rf, etc., are presented as functions of the stability parameter

z__ These are con:pared with the Monin-Obukhov similarity theory and

also with other measurements in the laboratory as well as in the

atmospheri.c surface layer. The nature of various universal functions

is brought out. The theoretical model by Ellison (19S7) is also dis-

cussed in the light of present measuren!'ýnts. Finally, measured one-

dimensional spectra of v', w', and t' are rep,)rted; these are

discussed in the light of Kolmogorov's similarity theory.

Various parameters of the boundary layer have been summarized

in Table I.
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4.1 Broad Characteritsics of the Boundary Layer:

A striking feature of the boundary layer which develops in the

Army Meteorological Wind Tunnel is its large thickness (more than 24

in. at the measuring station). This makes it specially suitable for

obtaining large Richardson numbers, both negative and positive, and

hence for studying the effect of thermal (density) stratification on

the turbulence structure.

In most theoretical studies, the assumption of plane homogeneity

of the flow is made. In the true sense such a condition cannot be

achieved in a flat plate boundary layer which, because of the shearing

stress at the wall, must be increasing with distance. But at a

sufficiently large distance from the leading edge, velocity and tem-

perature profiles and also turbulent intensities no longer change

noticeably with distance. Thus, for all practical purposes, plane

homogeneity can be assumed to exist at long distances. For this reason,

the present measurements were made at a station where the momentum

boundary layer has developed for 78 ft, a Jd the thermal boundary layer

Sfor 38 ft length as shown in Fig. 9. The velocity and temperature

profiles at this station are compared in Figs. (10) and (11) with those

at a station 8 ft further upstream to show that the difference is Indeed

very small and that plane homogeneity can be assumed to have been

realized in the lower 6 in. of the boundary layer.

Two dimensionality of the flow near the center-line of the wind

tunnel was checked by taking horizontal traverses across the wind

tunnel at several heights. Deviations from the center-line velocity of

not more than 1% were observed within 6 in. on both sides of the center-

"line. There are, however, indications of large corner effects and
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secondary circulation at low wind speeds. Therefore, ambien" velocities

smaller than 10 fps were not used even though such ,elocities would have

been desirable for obtainiag P still larger range of stabilities than

covered by the present experiments.

4.1.1 Distribution of Rizhardson Numbers:

A quantitative measure of the thermal stability is the

Richardson number. As define,! in Eq. (2-17), it is a local parameter.

For a given temperature difference between the wall and the ambient air,

a desired range of R. can be obtaine( by a proper choice of ambient1

air jelocities. In the present Atudy velocities of approximately 30,

20, and 10 fps were used to covwr a range of stabilities from near

neutral to moderately stable. The distribution of the Ri in the

boundary layer for these three cases is shown in Fig. 12. A similar

plot on a linear scale showed that for small z, Ri varies linearly

with z just as has been observed by Plate and Lin (1966), and from

measurements in the atmosphere as reported by Lumley and Panofsky

(1964). Batchelor (1953b) showed that if suitably defined, the

Richardson number can be a reference parameter for the whole flow

field and not merely a local quantity. Following Ellison and Turner

(1960), one can define an overall Richardson number for a layer of say

o < z < h as

R. g (Th - T0 )h
= T 2 (4-1)

a Uh

in which T is the average absolute temperature in the layer. Thus,

a

for thle whole boundary layer,
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R g (T_ T 0)6
-(4-2)1i6 T U2

a 2

carn be used as n reference parameter. Values of R. for three cases'6

represented i:'- Fig. 12 are indicated in the same figure for comparison

wit5 the local R. values. R. er R. can be a useful parameter
1 ih16

in the outer region of the boundary layer where flow characterstics do

not depend only on a local parameter such as R.1

4.1.2 Mean Velocity and Temperature Profiles:

The mean velocity and temperature profiles in the bound-

ary layer for three ambient velocities are shown in Figs. (13) and (14).

In an earlier study using the same wind tunnel, Tillman (1967) observed

that in the neutral case velocity profiles for different ambient

velocities (20 to 40 fps in his case) beco:n:e similar when plotted as

U z
vs -v - However, this type of similarity is not achieved by the

00

velocity profiles in stable co:nditions as shown in Fig. 13. Especially

the temperature profiles show some peculiar behavior near the edge of

the thermal layer. Here, tlc temperature gradient instead of decreasing

monotonically to approach zero, shows some sudden increase before finally

leveling off. This is perhaps due to imcomplete mixing of the air in

the core region of the wind tunnel, when a residual stratification may

exist even after recirculation. For this reason, thickness of the

thermal layer 61. could not he determined precisely. It was determined

approximately after correcting for the observed defect in the tempera-

ture profile near th,: ,' e of the thermal laver. I-or this, th' normal
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boundary layer type of tvmperature profile whichi was observed over most

of the thermal layer was slightly modified in the outermost region so

that the temperature gradient decreased to zero monotonically. In this

way, a value of 6 0.65 6 was obtained which may be in error up to
T

10%. Mean velocity and temperature data from the wind tunnel together

with other flow parameters for different runs are tabulated in Table II.

4.2 Turbulence Characterstics of the 3oundary Layer:

4.2.1 Turbulent Intensities

The r.m.s. velocity and temperature fluctuations were

measured following the procedure described in Chapter III. These data

are given in Table III. The distribution in -he boundary layer of

these fluctuations normalized with respect to U0 and (T 0 - T ) are

shown in Figs. 15, 16, and 17. Also represented in the same tigures

are for comparison, some results of measurements obtained under neutral

conditions which were made with the same probes and instrumentation set

up. The following discussion is made without any particular reference

to the wall layer and various theories proposed for that region. The

structure of the wall layer will be taken up separately.

Even in the absence of density stratification, turbulent inten-

sities are known to vary not only with the height z from the wall, but
U 6

also with the characteristic Reynolds number R e - - , of thee6  v

boundary layer. The latter effect, though ½'-ignificdnt when R ise6

large, becomes important for small R e Under conditions of stable

stratification, it is seen from Figs. 15, 16, and 17 that, as U is

decreased, the effect of both increased and decreased R , as"• e6
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a consequence, is to reduce the turbulent intensities. The effect of

stability alone can be seen when turbulent intensizies for the stable

and neutral cases are compared for the same R in two casCs. It

can be seen that for U. = 30 fps there is hardly any change, but it

becomes more and more significant as the velocity is reduced to 20 fps

and then to 10 fps. Both lateral and vertical components seem to be

equally affected, in spite of the fact that the bouyancy acts directly

only on the vertical fluctuations. The reason for this has been given

in section 2.2. The change in U /U. with z/6 is more significant

(7T7
than the change ii, vI /U-JU and w' /UCD which for R. = 0.025

and 0.108 are seen to be almost constant in the region 0.05 < z/6 < 0.5.

The temperature flucuations, in contrast, decrease rapidly with z/6

and do not vary significantly with R. Perhaps, the explanation for
'6

this lack of variation with stability is that the temperature fluctu-

ations are largely dependent on the temperature gradients, which are not

significantly different in the three cases, where the difference in

temperature of the plate and the ambient air is almost the same.

The longitudinal fluctuation intensities as normalized with the

local velocities are shown in Fig. 18. A sharp increase in u'- /U

towards the wall is noticed for all three stability cases and at a

given distance it is seen to decrease as k. increases. The disri-

bution of the turbulent energy in the boundary layer is shown in Fig.

19, which clearly demc.'srrates the effect of stability on the turbulent

energy.
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4.Z.2 Probable Err.,,rs in the Turbulent Intensity Measurements:

The most accurate measurements are those of \t2

using a resistance thermometer. In this case the wire is sensitive

only to temperature fluctuations and the measurement and calibration

procedures are simple. An accuracy of better than 5% is expected in

the results of Vt-

A proper analysis of the probable errors in the measurements

of u' has not been possible. Close agreement between the vralues

of uJ2 as determined from the solution of Eq. (3-3), using only

the normal wire data, and from the solution of Eq. (3-5) using both

normal wire and resistance thermometer data (see Arya and Plate (1968)),

indicates that errors involved may not be greater than 10%. Similar

accuracy could be expected for v' and w' measurements for

which the conventional x-wire technique was used.

4.2.3 Turbulent Fluxes and the Correlation Coefficients:

The turbulent fluxes viz. u'w', w't' and u't', were

measured in the lower half region of the boundary layer according to

the procedure detailed in Cnapter III. They are tabul.ated in Table IV,

and in normalized form are also represented in Figs. 20, 21 and 24.

The results of Figs. 20 and 21 were used to determine the wall shear

stress and wall heat flux parameters viz., u* = , 0ria _a o

Wall shear stress 1o0, nd wall heat flux H 0 were obtaired after plot-

ting T U'w' u - , 11 P -c w;t + k -T

Zp -, against z

near the wall as in Figs. 22 and 23, and extrapolating from these plots

the values for the wall. A layer near the wall could he identified in

each case for which the total flux remained essentially constant and
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which was taken to be the value of the will flux. 'he tlckne3s of this

layer is found to vary from about 0.5 D) to 2 in. with a tendency to

increase with stability. Both ulw' I, ,'t' are seen to be affected

conside'ably by the stability. -, irt c~f t'.e -hange, of course, wtight be

due to change in R

The heat flux in the direc.V.on of ilow is representcu iii Fig. 24.

It seems to be continuously increasing as the wall is approached where

the magnitude is several times that of vertical flux as shown in Fig.

25. The quantit; u't' drops sharply with distance from the wall and

it approaches a zero value towards the edge of the thermal boundary

layer. The effect of stability on u't' is much less than that on

w't' . Measurements of Webster (1964) in the wind tunnel and those of

Zubkovski and Tsvang (1966) and Zubkovski and Kravchenko (1967) in the

atmosphere also show that u't' is several times -w't' under stable
u'tt

conditions and that the ratio --- ijr , increases with an increase in the

stability. A physical explanation of this has not been given. But,

comparison of the productio'n terms in fqs. (2-101 and (2-11) indicates

that a't' is produce(; f.o.:i die work done b" the mean flow against

bc -u'w' and -w't' , v.hile w't' is produce6 oaiv from the work

done against w, The sign of the ,~ rodcticw terms for u'W and

w'C also explains why the two fluxes should be of opposite signs.

The correlation coefficieitts

utWt Witt
Yu U'w w' ) 'w't

u W#2 1/2(u~ w)
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and =ut -- 1/2 , as calculated
Cu' ti

from the flux and intensity measurements aie sl.awn in Figs. 26, 27. and

28. In general °YuIwt and -y show a tendency to decrease with

the in,:rease in the stability. Their variation with z/6 also becomes

more conspicuous as the flow becomes more stable.

Some phenomenological theories use eddy diffusivities K H and

KM as defined in Eqs. (2-15) and (2-16). It has often been found

necessary to make an assumption for the magnitude of the ra•tio

and its variability with height and stability. Eddy viscosity in the

normalized form, -'-- , and the ratio are presented in Figs. 29

and 30. In Fig. 29. near neutral case of U. = 3 0 fps (R = 3.02

X 10 ), is to be compared with the results of Bradshaw (1967) for the

neutral boundary layer. The agreement is very close. The effect of

stability in reducing the turbulent transport of momentum is cleay'y

seen from Fig. 29. Fig. 30 shows that the ratio - decreases with

Thevaiaiof, KM
stability. The variation of with the distance from the wall is

seen to become large only near the wall. In most of the inner half

region of the boundary layer, its magnitude is about constant and ekual

to 0.85 for R. 0.0112, 0.70 for R. - 0.0247, and 0.60 for
11

R. - 0.088 'ý. The effect of thermal stratification on the ratio KM

will be discussed further in connection with the structure of the wall

layer.
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4.2.4 Probable Errors in the Flux Measurements:

Different types of errors that are common in hot wire

measurements have been mentioned in Chapter ill. In view of the factI

that the results were obtained after a complicated measurement, cali-

bration and data reduction procedure, it is difficult to make an ac-

curate analysis of the errors in the flux measurements. It is expected

that th? use of more than the minimum number of data that was necessary

for obtaining the final results reduces the random errors. Moreover,

the detailed calibrati.jn of the wire at different temperatures provides

consistency checks on the meas".-:ed sensitivities of the wire. Some

independent checks on the ac u,-acy of the shear stress measurements

were made by comparing valhs of u. as obtained from hot-wire measure-

ments with the values of u, inferred from the "wall layer" velocity

profiles. This was possible only fo U® = 30 and 20 fps in which case

a log-law could be assumed to be valid for small z . The measured

values of u, weie found to be in good agreement with those inferred

from velocity profiles as soen jii the following Table.

T,1lt (4-1)

U u* from "...asure- u. f' -om Mean Veiý..:it, ii. caiculated
fps ments .' u w', Profiles, -rom Ludwieg and

fps Tillmann's Fc'r, Ia,
fps

30.0 1.00 0.97 0.967

20.0 0.584 0.,57

10." " 0.b i 7
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Furthermore, for the near neutral case of U = 30 fps, u. in the

present case compares very well with the value of u. calculated from

Ludwieg and Tillmann's (1950) formula.

These checks indicate that the probable errors in the present

measurements of u-w' may not be sigrnificantly greater than those

common in the coyresponding measurements in the neutral flow. Errors

in w't' would be somewhat greater than those in u'w'. As an inde-

pendent rheck on the accuracy of heat flux measurements, the wall heat

flux can also be calculated by usxng the following equation given by

Reynolds, Kays and Kline (1958) for heat transfer from boundaries with

step discontinuity of temperature

2 2
H U*
0T T) (4-3)
p 1 6 1

1

in which 1 is the exponent in the power-law approximation of them

velocity and temperature distributions in the boundary layer: a value

of m = 6 was observed in the wind tunnel by Plate and Lin (1966).

Equation (4-3) is based on the assumptions that velocity and temperature

profiles are similar, and - = 1 Since the ratio - in the present

case is consistently smaller than i.nity. its dctual average value was

considered, and Eq. (4-3) modificd as

21

0__ .-- (T - T) (4-4)

I
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was used for calculation. In view of the observed pecuiiaritv of

temperature profiles near the edge of the thermal layer, the thickness
gT

of the thermal layer 6T and consequently the ratio could not

be determined accurately. But Eq. (4-4) is hardly sensitive to 6T/6

sir.ce the later is raised to a power of about - 1 A :qlue of

6 T/6 = 0.65 as discussed in section 4.1 has been used. An error of
6T H

10% in will cause an error of only 1.7% in --. Measured and
H 

Pcp
calculated values of o/VCp are found to agree within 20 as in the

followjr.- i. le:

Table (4-2)

H H0 ofrmE.4-)
U 0 from Measurements from Eq. (4-4),

PCp of w't' CfO/e
fps ft °F/sec p ftOFsec

30.0 2.16 2.58

20.0 0.95 1.12

10.7 0.32 0.312

Equation (4-4) is in fact based on the parameters of the whole boundary

layer, and may not take into accoint properly all the conditions near

the wall.

In view of the preceding discussion, it can be stated that the

accuracy of u'w' and w't' measurements is better than ± 15%.

4.3 Structure of the Wall Layer:

In the previous sections the results were presented for the

boundary layer as a whole. No theory treats the motion in the whole
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boundary layer at the same time. It is customary to divite the flow

field into regions )ike viscous sublayer, wall layer, outer layer, etc.

Various theorie; reported in Chapter II have been developed for the

motion in the surface layer of the atmosphere. The basic assumptions

involved are those of plane homogeneity and constant fluxes. It

follows from the discussiorn in section 4.1 that plane homogeneity has

been approximately realized in the present experiments, at least with-

in 6 in. W6! - 0.21 from the floor. But, the thickness of the layer

in v;hich the vertical fluxes are approximately constant is less than

2 in. jz/6 -z 0.06). Experimental data on velocity profiles in the

boundary layei and pipe flows in neutral conditions Lave been shown

previously to follow the log-law over a wide region notwithstanding

the large changes in the momentum flux. It has been pointed out by

Monin and Yaglom (1965) that the distribution of average hydrodynamic

flow fields and integral characteristics of turbulent flows are not very

sensitive even to quite signific.ant ,-hanre in the fluxes. Sone direct

measurements of the vertical fluxes at two heights in the atmospheric

ground layer by Mordukhovich and Tsvang (1966) clearly indicate that

these fluxes cbange with height in t'ie atmcspitere, too. For this reason,

the data from a layer 0.01 < - 0.15, has been considered in the

following discassion of the structure of the thermally stratified wall

layer.

4.3.1 Comparison of the Mean Velocity and Temp bratýire
Profiles With the Similarity____Ko_

in Figs. 31 and 32 are presented the measurement. of the

mean velocity and tempcrature in the wind tunaei in terms of the coor-

dinates of Monin and Obukhov's (1954) similarity theory. Therc is no
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z
doubt that the stability parameter -• correlates very well the uata

pertaining to different stability conditions in agreement with Eqs.

(2-23) and (2-24). The choice of z has been made for con-

venience so that zref falls within the thickness of the wall layer

for ali the three ambient-velocity cases.

The temperature data show more scatter than the velocity data.

It can be seen from Fig. 31 that the log-linear law given by Eq. (2-25)

with a value for B = 10 fits the data best. This value for the empir-

ical constant ý , is to be compared with the value of 7 reported

by NMcVehil (1964), 8.5 by Gurvich (1965) and 9.91 by Zilitinkevich and

Chalikov (1968) from measurements in the atmospheric surface layer.

From an earlier set of measurements in the same wind tunnel, Plate and

Lin (1966) obtained B = 7 for stable case. But, the values of u,

used by them were determined from Ludwieg and Tillmann's (1950) formula

which gives consistently higher values than the measured ones, as the

flow becomes more and more stable, (see Table 4-1). A correction of

u, in the data of Plate and Lin will make the value of a abcut the

same as found in the present study.

Figure (32) shows that the temperature data are also in good

agreement with the log-linear law given by Eq. (2-26). The curves

representing Eq. (2-26) for T = 15 and 20, are shown in the same

figure. It is seen that BT = 17 will give the best fit. That such a

high value should be necessary for is surprising; but it is con-

sistent with the theoretical conclusion (see Ellison (1957) that the
K

ratio _H which for the assumptions of constant fluxes and log-

linearity is approximately given by



54

H IC 4-5)
KM 1 +* BTZ

-TL

must decrease with increase in stability. A value of 8T = 10.4

is reported by Zilitinkevich and Chalikov (1968) from atmospheric

measurements.

Empirical constants B and B cannot be considered universal
T

in the same sense as functions f (-L-) and fT (--) iz Eqs. (2-23)

and (2-24) are, since the former are determined by approximating the

experimentally determined forms of the latter in some interval of -LL.

As has been shown by Taylor (1960) and Monin and Yaglom (1965), 8

and 8T will depend to some extent upon this interval of approximation.
u z *Uz@

The similarity theory predicts that S =-5u, z , and R = zT
U* T* z'

z This is well brought out by Figs. 33must be universal functions of -L-

and 34. But some departure from the linear behavior that would be

expected from log-linearity of the velocity and temperature profiles is

to be noted. It appears that small deviations from the log-linearity

of the profiles show up more in S and R, in which gradients are

involved, than in the profiles themselves.

In view of the departure front the linear variation of S and R

with -,- a power-law variation was considered. If one setsL

S A' A - P (4-6)

and

R B B' z q (4-7' L
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then velocity and temperature profiles are given by

r* ef pK - (4-8)

and

T (
T z T r )e'( ~ - ( rf (4-.9)

Except for the inclusion of an additional parameter L in the

power la-, given here, it is similar to that proposed by Deacon (1949).

Values of empiirical -•nstants obtained from Figs. 35 and 36 are:

A' = 4.2, p = 0.30, B' = 5.7, anL 0.31; these remain approximately

constant over a fairly wide range of z/L say, 0.01 < z/L < 0.25.

The value of the exponent p in Fig. 35 is to be compared with the

values obtained in an earlier study by Plate and Lin (1966) and those

observed in the atmosphere by beacon (1949), who shows that (l-p) - 1,

in near neutral conditions, and is consistently less than unity in

stable coiditions (e.g.,l-p =0.73 when Ri =0.09). Values of the

coeffecients A' and B' and exponents p and q in Eqs. (4-6) and

(4-7), in fact, vary with z/L as seen from Figs. 35 and 36. The change

is particularly noticeable for 3mall z/L. This is in agreement with

the results of Deacon.

4.3,2 Co mprison of the Turbulence Characteristics with

K
The ratio -- as calculated from mciasured fluxes is

Kf i

shown in Fig. 37a as a functi_., of statbility p.Irancwter . It is seen
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z
to decrease with -- just as expected from theoretical and physical

considerations (see e.g., Ellison (1957) and Stewart ,1959)). -L would
KM

also be given by the ratio - , (Fig. 3To) if the momentum and heat

fluxes or their ratio, remain constant with height. Since this is not

exactly so, the results of Figs. 37a and 37b differ slightly. In Fig.

37b is also represented Eq. (4-5) which is based on the approximation

that S and R vary linearly with z . It is seen that agreementL

of Eq. (4-5) with measured values of KH/ KM is not good. On the other
KH

hand, an approximately constant value of - 0.74 corresponding to

constfnt fluxes in Eqs. (4-8) and (4-9) is found within the range of

validity of power-law formulae with constant exponents.

There has not been any close agreement in the various experimen-K H

tal determinations of KH e%., for near neutral conditions. For

example, values ranging from 0).8 to 1.4 have been reported (Monin and

Yaglom (1965)). Experimental evidence on the variation of - with

the stability is even more lacking for stable conditions. Most of the

estimates have been made indirectly from measured wind and temperature

profiles. Direct determination from the flux measurements in the

laboratory hai• been reported by Ellison and Turner (1960) who conducted

experiments in the mixing layer of the salt and fresh water with .aegative

salinity gradients in a rectangular tube. Values of - plotted against

R. by these authors show considerable scatter, but with a definite
K KIf

tendency for -- to decrease a:; stability increaF-s. rhe present re-Kt nM

suits of -- ate in agreement with :hose of Ellis-n and Turner. The.N! K I I

initial sharp change in for sigall %,alues of I- is probably Iike to

the effect of thk cioscnrss of the wall a,,s sh.)vn Iw Fig. 30 , rather than,
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to the effect of stability. Measurements of Mcrdukhovich and Tsvang

(1966), and Record and Cramer (1966) in the near ground layer of the V
atmospher, also indicate values of H less than unity for stable

KM

conditions. The latter are compared with the wind tunnel results, in

Fig. 37a.

According to the Monin-Obukhov similarity theory, Ri an'. Rf

must be universal functions of --- .Figures 38 and 39 clea'y show
z

that well-defined unioue functions of -•- exist for R and R in
L ~ If

the present measurements. Whether these functions are really universal

can be seen only after comparing data from different sources. No such

data are available from other laboratory measurements. Some measure-

ments in the atmosphere have been made by Gurvich as reported by Monin

and Yaglom (1965), Mordukhovich and Tsvang (1966), and Cramer (1967).

It is seen from Fig. 38 that Gurvich's curve agrees with the present

data very well. Data I-Vints due to Mordukhovich and Tsvang, in spite

of the large scatter, do not show any consistent deviations from what

may be considered as a universal curve. In that case, it is immaterial

whether one uses L or R. as a similarity parameter.

The results of the measured turbulent intensities in the wall

layer are presenteJ in Fi.40 in terms of similarity coordinates. A

slight tendency for -- , and to decrease i.

Ri increases is observed. The wind tunnel measurements are compared

with the data from the atmospheric surface layer reported by Mordukiovi'

and Tsvang (1966) in Figs. 41, 42, and 43. Separ.ate symbols have been

used for the data from difticrent heights to bring out aany he .ght depen-

dence beside- what has hv,, :mplicit in R. iThe following observa-

tions can be made from this comparisn 01 itst . s mi i, tit t- hct,,een the
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wind tunnel data and the atmospheric data is noteworthy. Second,

atmospheric data show too much scatter to give any precise form for the

universal functions fl, f2, f3 9 etc., in Eqs. (2-30), (2-31), (2-32),

etc. Finally, there is a marked height dependence on tht results of

U a,.d - , both in the wind tunnel and the atmosphere. These
rd

observations are generally borne out also by the field measurements at

Massachusetts Institute of Technology reported by Cramer (1967). The

results of - in the present study are also in good agreement withU,

an earlier set of measurements (see Fig. 42) made in the same wind

tunnel and at the same station by Cermak and Chuang (1965). They did

not measure u, , however, and therefore their data for only U. = 10 fps

could be used for comparison, here, using value of u, as obtainel from

the present experiment. Earlier, Monin ( 962) reported a value of

w'/u, = 0.7 in the neutral air, which is inconsistent with a value

of about 1.3 indicated by the neasurements discussed here, as well ab

"with other measurements reperted by Panofsky and McCormick (1960), and

Klug (1Q65). Monir'.s estimate was not based on the directly Ti>easured

value of u. , which might be the reason for such differen,:e. Some

differences in the reported values of u'2/u. are noted which may

p~artly be due to the fact that even under neutrrl conditions u,2/iu*

varies with height unless the free stream turbulence level is 7ery high

(see Plate and Sandborn (1966)).

There is some contradi.ction between the shapes of the universal

function \/ t'' - f ( ), in stable conditions as reported by

Monin (1962), Ov, :'a- shown that it decreases with an increase in

stability, o. lictated by rhc wind tunnel ind the atmospheric

measurenents represented in Fig. 43, whi.,h. ow•.,r *.he same
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height t'/T, increases with an increc ;e in the stability The

only other data due to Cramer (1967) favors the latter. Clearly, more

datr ":-th accurate heat flux measurements is needed te resolve this

serious difference.
i

On the whole, it can be observed that the Monin-Obuknov similar-

ity theory is well supported by the wind tunnel measurements, and this

theory should therefore form the basis for laboratory modeling of the

near ground layer of the atmosphere.

4.3.3 Comparison of the Present Measurements

with Ellison's Theory_

The results of the present study can be used to calculate

the decay times T1, T2 , and T3 , using Eqs. (2-33) through (2-35),

and the lengths LH and LM introduced by Ellison (1957) as discussed

in Chapter II. The results of these calculations are stummarized in

the following tabl.'.

f
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Table (4-3)

R T T -
T2 T3  T2  ft ft

22

.011 .0033 .34 5.18 5.72 1.96 O.SS .048

.030 .025 .0075 .43 5.36 6.01 2.57 0.42 .044

.10 .uZ1 .77 5.58 6.47 4.97 0.21 .036

.011 .006 '8 5.08 5.16 i.4; 1.01 .081

.055 .02Z .0" .38 5.42 5.14 1.95 0.64 .r6S

.10 .033 .67 4.52 5.93 3.99 0.30 .051

.011 .0078 .25 4.57 4.86 1.23 1.33 .110

.073 .02S .013 .38 4.88 4.88 1.86 0.82 .081

.10 .039 .68 4.93 5.77 3 C-4 0.38 .062

Ellison assumed 1, in Eq. (2-36) to predict a value of

R 0.15. The experimental results indicate that T1 /' 2 , as well
fcr 1_2_

as q2 1w'2 vary significantly wita strability and also, to some extent.

with Z- In so for as Rf. is equal to the value of I +

for near critical conditions as indicated by Eq. (2-36), the present

data are in agreement with Ellison's a3sertion that Rcr may be even

less than 0.S. The assumption of the constmcy of TI/T, is not
T I

supperted by the experiments, hoever. But, T- is seen to remain

fairly constant, and not much different from a value ,If h used in

Eq. (2-37) to predict a value of Ywtt - 0.- for sear--neutral

conditions. This is also supported Iv the results in FiR. -11. Th v

length scalCe. I and I, H proy )scd by I'llison, det:rease with an
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increase in stability as expected. Also in agreement with the con-

clusion of his theory, - and yw't' show a tendency to decrease as

stability increases, as can be seen from Figs. 37 and 44.

4.4 Spectra of Velocity and Temperature Fluctuations

4.4.! Velocity Fluctuations Spectra:

One dimensional energy spectra of veitical anu lateral

velocity fluctuations measured at various locations in the boundary

layer for ambient velocities of 30, 20 and 10 fps. are given in Table V.

These have been normalized with resp2ct to mean square fluctuations such

thatI

I , •'C 1) k = 1 (4-10)00

wJ ( k) dkl 1 (4-11)0

The norialized spectra for U 30 fps are shown in Figs. 45 ard 46.

The shift in the spectra with •he position in the boundary layer is quite

significant. As -- increases, the prop-rtior. of the energy contained

in high wavt numbers becomes !ess arnd less. The high wave number end

of all the spec-ra shows ,, k" 7 bO!avior in agreemont with Heisenberg's

(194S) the.ory. An extensive subrange sbwing k behavior is

observed for U 30 fp., wten :/5 is larRe. Mhe extent of this

subrange becomes 1e0s and less as U- or 'i• is decreased. As has
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been discussed by Alkseev and Yaglom (;967), deterzining the extent of

inertial subrange from the measured one-dimensional spectrum is mis-

leading in the sense that since a one-dimensional spectrum varies more

smoothly than the corresponding three-dimensional spectrum, the former

may be approximated by the formula F (k 1 ) k 1l-5/3 , over a consider-

ably greater range of wave numbers than the three-diaensional spectrum

4.4.2 Comparison With Kolmogorov's Similarity Theory:

In order to co:apare the observed spectra with Kolmogorov's

(1941) similarity theory, it is necessary to express them in the

reference frame of similarity coordinates, i.e., F (kl)/(c-:S) 1 14

kls 1/4/ 3/4
versus k/k where, ks = 1 /V , is the Kolmogorov wave number.

Commonly, c is determined from the u'- spectrum by using the isotropic

relation

r2
£ 15 V k F (k) d (4-12)

This method is not available in the present study since u'- spectrum

could not be measured because of difficulties in obtaining a signal

proportional to u' alone. Even otherwise, it is doubtful whether

Eq. (4-12) will be valid for sufficiently stable conditions, where

the effect of low velocities as well as buoyancy, is to make a larger

part of the spectrum deviate from the assumptions of local isotropy.

As discussed in Chapter II, for the regio- in which diffusion

terms in the energy equation will be negligible, Eq. (2-18) can be used

for calculating E. Accordingly, E has been determined (see
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Table VI) for the layer .009 < •- < .075 and the nondimensionalized

-6-
k1

spectra F - = F k)/(cv) , and F

S S

Fw. (kl) / (E 5 /4ploted in Figs. 47 and 48. It is seen that the

spectra pert-.ining to different velocities (caEoilities) and to differ-

ent positions in the boundary layer fall close together in the high

w-ave number region, and branch off z'- different points, depending upon

the size of energy containing eddies, from w-hat may be considered a

universal curve. There is also ooserved a small but consistent shift

in the spectra with z/S , such that the constant o in the spectral

form for the inertial subrange given bf

F (k)(k\ 5/3
5)/4 mb (4-13)

increases with an increase in z/6. This shift cannot be explained

with certainty. If the spectra for 30 and 20 fps are compared at the

same z/6 , no significant change in b is noticeable. Therefore, the

observed shift is not due to the effect of stratification, but perhaps

due to the error in the estimation of e . A more accurate determina-

tion of e will be needed to check whether there is really some effect

I: of stability on the Kolmogorov constant.

Tle present experimental results can be compared with the spec-

tral form obtained from Heisenberg's (1948) theory which for three-

dimensional energy spectrum in the equilibrium range can be written as

(see Rotta (1962))
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E (V) 2/3 k-5/3 + 8v3 k 4 1 -4/3 (4-14)
E (9) = 3a 2 2 (

in which aI is a constant. After substituting in Eq. (4-14) the

numerical value of aI corresponding to the value of 0.48 for the

Kolmogorov constant a1 for u' spectrum, and transforming it in

terms of universal parameters, one obtains from Eq. (4-14)

E (n) =1.466 5/3 1 + 10.67 n 4] 4/3 (4-15)

in which, k = The corresponding one-dimensional spectrum fors

lateral or vertical velocity fluctuations can be obtained by using the

isotropic relation (see Batchelor (1953a))

F2 (k1) - (1 + ) E(k) dk (4-16)
Fk
ki k

kl

which in terms of n and n, --- , can be written as

2 (n E + dn (4-17)

nn

k k
1 1wwhere F 2 (np) = Fvi (T) = Fw' (---)"
s s

ri
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After substituting from Eq. .4-15) into Eq. (4-17), the following

equation is obtained.

nl 2 -8/3 4

F2 (n) ; 0.733 (1 [ + 10.67n dn (4-18)

Ti

Eq. (4-18) represents Heisenberg's one-dimensional energy spectrum of

lateral or vertical fluctuations. A numerical integration of Eq. (4-18)

was performed which has been represented in Figs. 47 and 48 for com-

parison with the experimental data. It can be seen that Eq. (4-18)

describes the measured spectra in the equilibrium range quite well.

4.4.3 Spectra of Temperature Fluctuations:

The measured one-dimensional spectra of temperature

fluctuations are shown in Figs. 49 and 50. These have been normalized

such that

1 f (kl) dk =1 (4-19)
V2 J 'I

f
0

The same trend with z/6 is observed for t'- spectra as for v'- and

w'- spectra. The high wave number end shows k-7 behavior In agree-

ment with Corrsin's (1951) predimt•'n. The inertial subrange region is

almost absent for the case of U , 10 fps; it is significant, however,

for U. = 20 fps and z/• 0.37.
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In none of the v' , wl , and t' spectra, could the so-called

buoyancy subrange be identified. This was expected, of course, from

Lumley's (1965a) discussion according to which the byoyancy subrange

would not occur except in very strong inversions where R would be
f

close to unity.

The spectrum of temperature fluctuations can be used to calculate

et, by using the isotropic relation (see Hinze (1959)).

Ct,= 6 a f k 1 2 ýt (kl) dkl (4-20)

0

Values of ct, calculated from Eq. (4-20) are compared in the follow-

ing Table with those given by Eq. (2-19) using heat flux measurements.

Table (4-4)

U z Et , from Ct, from

fps 6 Eq. (4-20) Eq. (4-19)
(oF) 2  (oF) 2

sec sec

.0046 356 486

20 .182 242 234

.073 9S 68

.0044 232 164

10 .0176 116 78.4

.071 65 28.2



67

The agreement is not ver! good. The poEsible reasons for this are:

First, an t-zror in calculating et, . from spectral measurements using

isotropic relation (4-20), while the low wave number end of these

spectra up to a wave number as high as 70 is not even locally isotropic;

second, an error in the value of tt, obtained from Eq. (2-19) due to

neglected diffusion terms. Over what region ,if the wall layer Eqs.

(2-18) and (2-19) can be used co determine e and et, cannot be

ascertained from the present measurements.

I.

I

i(
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Chapter V

CONCLUSIONS

The results of measurements in a stably stratified turbulent

boundary layer in the wind tunnel have been discussed in Chapter IV.

A range of gradient Richardson numbers from 0 to 0.25 in tht boundary

layer has been covered. With the difference in the wall ten .erature

and ambiint air temperature almost fixed in the experiment, Ri has

become necessarily correlated with ambient velocity and, therefore, with

R . For this reason, the Reynolds number effect, though relativelye 6

small, also has shown up when the effect of change in Ri on turbulent

quantities is studied. The rms fluctuations and turbulent fluxes as

normalized by U. and (T.-T 0 ) are shown to decrease considerably with

increase in stability. The vertical component is relatively more

affected than the longitudinal component.

Special attention has been given to the lowest (excluding the

viscous sublayer) 15% of the boundary layer, i.e. the wall layer. The

results obtPined for this layer have been compared with Monin and

Obukhov's similarity theory and other theoretical models. The theoret-

ical requirement of constant fluxes is met at most by only a third of

the wall layer, but plane-homogeneity in the sense that the flow char-

acteristics do not change noticeably in the direction of flow has been

realized at the measuring station.

Mean velocity and tenperature profiles in the wall layer are in

fair agreement with Monin and Obukhov's (1954) similarity theory.

Logarithmic-linear laws with i - 10 and bT 17 in Fqs. (2-2S) and

(2-26) represent the mean velocity and temperature data quite well.
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Significant departures from the corresponding linear relations for
KZ 3U 3 T

S -• T-z , and -f z however, are noticed. These are shownS and TR az*z

to be better represented by power-law relations which also suggest the

power-law form of the velocity and temperature profiles as in Eqs. (4-8)

and (4-9).
KH Z

The parameters H , R. and R are unique functions of L
KM 1 f fucinso

in agreement with the similarity theory. Close agreement with the

limited measurements that are available from the atmospheric surface

layer further shows that these functions may well be universal. Since

z ,it is equally valid to use the

former, which is more easily determined, in the similarity representation

z~ K H
in place of L-- The ratio -K is consistently less than unity (up to

0.6 in the experiment) in stable conditions so that the often made

assumption of - = 1 may not be justified in even moderately stable

stratification. \r r
Turbulent quantities -- , --- and -- are slowly

varying functions of Ri ,-their magnitude decreasing with increasing

stability. In magnitude these compare well with atmospheric data which

show the trend witL-Ri less clearly because of large data scatter.

The quantity , although somewhat dependent on height, is seen

to increase with increasing R.i This agrees with atmospheric measure-

ments reported by Cram (196), but disagrees with those of Monin

(1962) who shows - as a decreasing function of I' In the latter,

hcowever, T. was not determined from direct heat flux medsurements, and

it is possible th-t this resulted in such e difference. More data is

needed to resolve this serious difference.



70

In general, it can be concluded that mean flow and turbulent

characteristics of the wall layer in the wind tunnel are well represenit-

ed by the Monin-Obukhov similarity theory and, therefore, this theory

should form a basis for modeling of similar characteristics of the

atmospheric surface layer. Moreover, wind tunnel data can give the

form of various universal functions in the similarity equations more

precisely than the atmospheric data can do because of large scatter

and variable conditions in the latter.

The results of Ellison's (1957) theory as to the general trend

of variation of -K , yw't' P 1H and LM with stability ax-. verifiedKM

by the present experiment. The assumption of the constancy of the
T7

ratios - and in his theory, is not borne out by the measure-
w'- T1  72

ments which show both and = increasing with increase inmens hih ho b Th22 and

stability. The assumed numerical value of - = 5.5, however, is
T w1

in agreement with the experimental trend for itrong stability conditions,

and consequently, Ellison's prediction of Rf <0.15 appears to be
cr

roughly correct.

The normalized FDectra of velocity and temperature fluctuations

z
show strong dependenc.e on -- and U. From the non-dimensionalized

representation of the spe-tra in terms of Kolmogorov's similarity

theory coordinates, it can be concluded that all spectra have a shape

wnich, irrespective of thermal stratification, follows a universal curve

for large wave nubers that correspond to the equilibrium range. The

magnitude of the energy in this range itself gets reduced, however, due

to the coffi•ined effect of dccrea.;e in Reynold number and increase in

statbilitv. Stratification, together with shear, affects the spectra

also in the rmiizt of one rgy cont;iining cddies. Hut no particular
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subrange is indicated in which buoyancy will act to the exclusion of

shear to give the so-called buoyancy subrange. This is in agreement

with Lumley's (1965a) discussion of the conditions for the existence

of a buoyancy subrange. Although the small scale structure of tur-

bulent motion remains unaffected by stability, the overall energy level,

and magnitude of turbulent production and dissipation get considerably

reduced as stabiltiy increases.

In summary, it can be concluded that

1. The effect of increasing stability is, in general, to sup-

press turbulence in the boundary layer and to make the fiow

more anisotropic.

2. The structure of the wall layer is well represented by

the Monin-Obukhov similarity theory. In particular, the

logarithmic-linear law for mean velocity and temperature

profiles with the value of empirical constants about the

same a-- has been found from atmospheric measurements, is

valid. It is also shown that a power-law similarity profile

can give even a better fit.
K11

3. In the wall layer, parameters , R. and Rf are

universal functions of the stability ratio -• L , aso aae_

the turbulent quantities . - --

U , * U. T*

etc., in agreement with the results of the similarity theory.

drops sharply away froti, the wall and is consistently less

than unity in stable stratification. v u"/u, and
F ----

V t "'1/T also show some height dependenc'e over and above

that considered izn the stability par'nmetci.
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4. Good agreement of the present laboratGry data for stable

conditions with the Monin-Obukhov similarity theory, which

has been shown previously by others to represent the struc-

ture of the atmospheric surface layer shows that this theory

should form the basis for simulation of near ground atmos-

pheric motion by wind tunnel flows.

5. Kolmogorov's local isotropy theory is valid for turbulent

spectra in the equilibrium wave number range irrespective

of stratification. The extent of this range, however, is

greatly reduced as stability increases.

6. No byoyancy subrange is indicated by the measured spectra

of v' , w' and t'.

The following recommendations can be made for any future investi-

gation of the thermally stratified boundary layer from the point of view

of atmospheric simulation.

1. Measurements of the mean flow and turbulent quantities in

unstable stratification, as well as more strongly stable

conditions than covered by the present experiment, should be

made to study whether conclusions of the present study can

be extended to include all the stability range of interest.

2. Efforts should be made to thicken the constant flux layer

in the wind tunnel by the use of surface roughness or shear

grid, to make the flow conditions more near to those of the

theoretical model.

3. Aterupts should be made to make R.• as independent of

R as prwý-tic;hle by varying the temperature or the wall

and that of ambient air.
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4. The dissipation c , should be determined by using a more

direct mtýthod e.g., from the spectrum of longitudinal

fluctuations. The fact that the normal wire is sensitive to

to both velocity and temperature fluctuations make this

somewhat difficult and new experimental techniques need be

developed for this purpose.
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APPENDIX A

YAWED WIRE RESPONSE

For a given hot-wire anemometer set up, the voltage output across

the wire must depend on the total velocity U,rot , angle of yaw 0

and the difference in the temperature of the wire and that of local

fluid. So that in functional form one can write

r, f (OTot' e , T) (A-I)

For conver.n.'nce, two uatilbles UTot and 8 can be combined to

constitute what may be called the 'effectiv- velocity,' Ueff , for

heat transfer. So that

E - f (Ueff , T) (A-2)

and in differential form

dEz - dUff a dT. (A-3)
aUeff eff )T

Recognizing the fact that in addition to the component of the

total velocity which is normal to the wire, the one parallel to it also,

affects the heat transfer from the finite wire, Iinze (1959) and later

Webster (1962) suggested the following expression for Ueff in the

absence of turbulence.

11" - ti- (sin " + a " cos " ,)(A-4)
eff
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In Eq. (A-4), a is an empirical constant having a value between

0.1 and 0.3. Webster determined an -verage value of a = 0.2. His

measurements show considerable scatter with values of a ranging be-

tween 0.1 and 0.3, but no systematic variation with length-to-

diameter ra:io of the wire. Precise measurements of heat transfer from

hot-wires were also made by Champagne, Sleicher and Wehrr in (1967)

who showed that Eq. (A-4) correlates the data very well. From this

study value of a is found to depend primarily on l'/d ratio. For
1'

platimum wires, a is approximately 0.20 for -a- = 200, decreases
iIg ' d

with increasing and becomes effectively zero at = 600. No

significant differences in the values of a are found for wires of

different materials.

In the turbulent field, referring to Fig. 5, one has in place of

Eq. (A-4)

U2  = (t u,) 2  ,2 si2  ( e
Uaeff = (U ,)' w,2 sin (e + dd) +

2 + u ,)2  2 ,2  (A -S )a (+ +u) ÷Cos (0 + do) + v,

Using the trignometrical identities for sin ( + dO') and

cos (0 + dO) and further recognizing that

Cos d - ,
0
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the following equation cani he obtained after neglecting second order

U 1  VI WS
terms in j-' - and

0) (122jut

Ueff 1 sin 6 (1 + a 2cot 2 0) 1 + 2 + 2 (1 - a2

G- cot ] 1/2 (A-6)

Equation (A-6) after differentiation gives

2 cot2 e) -1/2dU = (1 + a cot 0)

ru' ' (1 -a 2), cot 01-1/2

2 - 2 (- + a2cot 2 e)

(1 a2 cot 0) du' sin 0 (1 - a 2) dw' cos e (A-7)

After Bernaulli expansion of the second parenthesis terms ance
iviUt W1

again neglecting second and higher order terms in -U and - and also

terms like u'du' and u'dw' , one obtair.s

2 cot2 0)-1/2del) ,u (i * a co ,

[(1 • a2  cot ) 0 du' sin + 0 - a dw' cos ] (A-8)

After substituting from Eq. (A-8) intc Eq. (A-3) and making use

of the common ;asuppti',n that for sma8l fluctuations differentials can

be replaceJ by fluctuations themselves, the following equationi is

obt~ained
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e - (sin2 a2 cos2  0)1/2a Ueff

u I + a2 cotz W) w t' (A-9)

Since the wire sensitivity is determined from calibration in a

turbulent free stream, it follows from Eq. (A-4) that

aE (sin2 0 + a2 cos2 _E (A-1))

aUeff

so that

el=aE up +__I_ a2) w1 cot O0 + LE t,(A11

u1 + a 2 cot 2 0) 3 T

Equation (A-li) is the basic response equation of the yawed wire.

Comparing it with Eq. (3-1) yields the required relationship between

DE aE
the two sensitivities - and -L, viz.,

1 1 E.-Q a:Lcoý 6 •E a E
wher o ) _ c cot 0 (A-12)

i ~whe re,

C ((A-13)
UI a'• cot" 'i)

I
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It can be seen that c decreases with decreasing yaw angle which is

what may be expected.

Thus, for a known a and 0 , c can be calculated from Eq.

(A-13). The following table gives values of c for different values

of 0 , and for a = 0.20

0 600 50 450 40° 300

c 0.948 0.934 0.923 0.908 0.85,;

A more rigorous derivation of the hot-wire response equations by

Champagne et. al., (i967) leads to a value of c = 0.925 for 6 = 45.

L__
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APPENDIX B

COMPUTER PROGRAM FOR LEAST SQUARE FIT

OF EQUATION Y A X2 + B X

*OR TRA N
PROGRAM LSTSM

000002 flIFENSTON SUm(S), tIED(A),X(12)9Y(12)
000002 FINl!Sw6H~iMYSH
000004 1 REAr) lt)2@MEO
000011 IF(HED(1)-F!NiSK) isU302
000013 2 PRINT 104s Hcnf
0000201 PVAD 100,NP
000025 no( 4 13105
000027 4 sum(J)8O.
000033 00 10 !181NP
000035 PEADl1,1X(I)qv(I)
0C0044 sum(4) w SUM(4) # Y(I) 0x(1)
000050 SUM (5) a SUM(5)#Y(I)#x(I)*K(I)
000053 00 10 JOI93
0O000!1 10 SUM(J).SUMiJ) *X(I)0*(Jo1)
0000m DwSumM(3SUM1) SUM(2)*SUM(2)
000m7 PRINTln9. (SUM(J) .Jm1,5) .0
000106 £A(SUM(I)*SLJm(5).SUM(2)*SUM(4))/0
000112 sm(SUM(3) OSUM(4) - SUM(2) *SUM(5S)/0
PQO116 WRITE (69105) A99
00012S WRITE (6.106)

000131 00 20 lrlNP
OQ0133 YCmAiX(I)iXylj * a*X(!)
000137 DIFF 0 Y(I)-YC
000141 flIFF2UOXVP'2 # DIFF#DIFF
000143 20 WRITE (6*107) X(!),i(I)9YC90IFF
000161 wRITE(6t108) DIFF?I000166 0O TO I
000167 30 CALL ExIT
QO0170 100 FORMAT(14) -

000170 101 FORMAT(2F10.fl)
000170 102 FORMAT(SA1O)
000170) 104 FORMAT(H19,A1O)
000170 105 FORMAT(3NOAu.E16.7,6X.2HBmE16.7)
000170 In& FORmATI1MO,7V,1HXvI1X,7NY GIVENs,6KtlONY COMPUTED,

XSE, 1oOnIFFERFM~CE)
000170 107 FORMAT(1M 4 plj5.u
00017n Ina F0RW&(0OOHOSM OF SOUARED DIFFERENCES a

1F1697)
000170 109 FORMAT(1k; 96!15.4)
000170 END
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TABLES
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TABLE I

SUMMARY OP THE BOUNDARY- LAYER PARAMETERS

""unr 6 , Re R U. T L
No, ft fps 0; 0

Fo ft fps Oj F ft pst

7 30.05 119.9 39.0 2.?3 3. U2x10 .0113 1.01 5,38 17, 62 78
2 78 30.00 '19.8 40. 0 2.23 3,0ZxlO 5 0112 1.00 5.27 17.5

78 30.05 113.3 42 0 2.23 3,02%10 .010 1.06 5 00 21.0
54 78 30.40 119.6 42. 0 2.23 3. 05x10 0116 1.05 5 28 19.3

5 78 30.10 119.0 40 0 2.23 3. 02x10 .0111 1.04 5 37 18 5
6 70 30.10 119.2 40. 2 23 3. 03x10 .0110 1 05 5 45 18 6
7 78 20.25 118.0 40. 0 2.29 2. 09x10 0234 0 609 4 19 8.20
8 78 19.95 116.2 40. 0 2 29 2.06x10o .0247 0.584 3 97 7 95
9 78 20,15 111.0 37. 0 2.29 2. 09x10 0236 0 581 3.82 8 11

10 78 20 20 117.5 40 0 2.29 2.09x10 5  0234 0 568 3 89 7 67
11 78 19.80 118.4 39 0 2.29 2. 04x1015  0262 0 604 4 32 7 80
12 70 19 80 1'8 4 39 0 2.29 2. .34x105 0262 0.604 4 32 7 30
13 78 9 70 117 0 38 0 2 37 1 05x10 5  113 0 221 3 28 1 40
14 78 9.35 117 0 38 0 2 37 1 0OIxa .121 0 228 3 51 1 40
15 78 10 10 117 0 38. 0 2 37 1. 09x10 104 0.241 3,43 1 59
16 78 10.05 114.0 40 3 2.37 1.08xlO .0981 0.243 3.26 1.77
17 76 10.70 115. 5 41).0 2.37 1.15x10

5
0883 0.246 3 17 1. 81
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iI'•l.I.: II

M EAN V- - I(T- Y \N I)"I 'M RATUR ' DATA

l~ii 1 No I Itfl No. 2 imn No 3

78 ft x 78 ft x 78 ft
11 30.15 fps Li 30.0) fps U 30.05 fps
f.. 119. 9 Or r = l9.8 OF T 113.3 OF

'ro 39.0 
0 F T, - 40.0 OF To 42.0 OF

u 0 r z U T z U T

F'in. fps OF"in p n. fps OF in. fps OF

0.19 15.14 91.83 0.19 14.75 91.70 0.125 15 50 84.30
0 34 16 72 '4 50 0.25 15 23 92.34 0. 200 17 36 86.7
0.54 18.14 97.74 0.41 16.34 96 04 0 355 18 25 90 0
0.96 19. 35 101.78 0.66 18.03 97.65 0 66 19. 57 94. 8
1.41 20.50 102.70 1.05 19.33 100.95 0.94 20.35 97.3
1.95 21.40 104 87 1.50 20. 37 103 30 1.45 21.33 98.5
2 50 21.92 106.43 2.00 20.83 104.42 1.98 22. 00 100. 5
3.01 22.43 108.60 2.60 21.50 105.70 2.47 22. 58 101. 5
3.47 22.90 109. 13 3. 16 22.30 108.25 2. 98 23. 10 103. 0
4.01 23.23 110.60 3.88 23.25 109,60 3.77 23. 80 104.5
4.49 23.65 111.60 4.70 23.95 111.25 5.07 24. 67 106.3
5.03 24.06 111.74 5.70 24.55 111.88 6.39 25.40
5. 16 112.91 6.62 24.76 '2.66 7.75 26.10 108.5
6.00 24.75 113. 79 7.63 25,40 13.79 9.40 26. 63 109.3

6.95 25.30 114.61 8.75 25.85 114.70 10.63 27. 08 110,0
7.98 25.85 115.48 9.80 26.22 115.47 12.00 27.32 110.6
8.90 26.20 116.08 10.85 26.63 116.30 13.37 27.62 110.8
9.90 26.55 116.52 11.93 27.20 116.87 14.73 27. 93 111.2

10.80 26.83 117.00 12.95 27.38 117.38 16. 14 28.37 111. 5
11.90 27.22 117.57 14.02 27.72 117.70 17.57 28.65 111.7
12.77 27.45 118.300 15.05 28.05 118.00 18.82 29.07 111.9
13.80 27.80 11P.43 16.10 28.36 118.21 20.20 29.27 112.2
14.75 28.10 118.70 17.23 28.64 118.42 21. 31 29. 57 112. 6

6.T8 28.40 119.00 18.30 28.95 118.66 22.77 29. 83 113 08
16.85 28.65 119.26 19.30 29. 18 118.83 24. 00 29.98 113. 17
17.87 28.92 119.30 20.35 29.36 119 00
18.90 29.10 119.30 21.45 29.60 119.30
19.87 29.23 119.39 22.55 29. 81 119.55
20. 55 29.47 119. 52 23.50 29.93 119.75
21.60 29.70 119.65
22.65 29.84 119.74
23.50 29.95 119.87
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I \11 I , II

\11 ~ ~ ~ ~ ~ ~ ~ ~ M O\V1'1 •J)II;~ll]{'lI I; A)' Cunt inued

1 U, NRon No 6
- PI I I x . 70 ft

I I il ,, fps i . - 30. 10 fps

., l - i O f 01- 111..2 OF

J20 ,0 'T 1(.01 Of - 40.(0 OF

z U I z Ii TIJ T
in. fps in. 1F in. fps OFpn,' fps OF
0. 13 15. 08 0. 13 91. 50 0. 082 14. 22 85. 17 0. 144 16.02 88 42
0.21 16. 19 0. 17 93.00 0. 094 15. 23 8C. 38 0. 156 16.45 91 25
0. 29 17.04 0, 28 94. 50 0. 199 16. 63 90. 17 0. 340 1. 00 94.30
0.47 18. 03 0,45 96.87 0.484 18.37 93. 75 0.74 19,55 98 00
0.67 19.05 0.68 98.70 0.69 19. 72 96.66 1.13 20.64 101. 00
1.03 20.32 1.01 101.00 1. 19 20.48 98. 17 1. 56 21.37 103. 13
1.43 21.26 1.39 102.83 1.53 21.23 100.25 2.04 22.11 194.79
2. 07 22.32 1,87 104.75 1.95 21.63 101. 68 2. 54 22.44 106.34
2.81 22.98 2, 55 107.42 2.35 22.27 103.79 2.96 23, 08 107.50
3. 56 23. 60 3.45 109.25 2.76 22. 56 104.00 3. 44 23.36 108.48
4.35 24.08 4.42 110.38 3. 13 22, 93 105.08 4. 02 23,88 109. 54
5.04 24.51 5.00 112.08 3. 53 23.27 105.70 4, 59 24,24 110.38
5.90 25.10 5.80 113.00 4.04 23.66 106.62 5.31 24.87 111.48
6.60 25.42 6.60 111,08 4.78 23.97 107.70 8. 30 25.38 112.17
7. 60 25. 87 7.70 114.87 5.40 24.45 109. 21 7. 25 25, 90 113.30
8. 65 26. 31 8.70 115.87 5.95 24. 95 109.62 8. 40 26. 52 114.00
9. 70 26. 68 9. 80 116.75 6. 65 25. 36 110.75 9. 40 27 00 114. 6210.75 27.04 10. 85 117. 17 7. 6. 25. 83 111 58 10 46 27 57 115 00

11.75 27.35 11.97 117.57 8. 55 26 28 112.30 11. 83 28.06 115.38
12. 69 27 69 13. 10 117. 79 9.47 26 53 112 70 13.39 28 63 115 87
13.94 28.00 13 90 118.00 10 66 2. 10 113.30 14 85 28 94 116.21
15 08 28.28 15 00 118 13 11 77 27.27 113.79 16,46 2941 116.42
16. 08 28. 55 16. 00 118. 25 12.81 27. 73 114. 25 19 00 29 76 116. 70
17. 12 28 86 17 05 118.42 13 83 28. 15 114.47 21. 56 29 98 117 79
18. 19 29. 09 18. 14 118 75 14. 85 28 41 114.79
19.37 29.36 19.30 119.04 16.45 28.83 115, 14
20.43 29.63 20.46 119.21 18,28 29.26 115,66
21. 61 29. 85 21, 75 119.34 20, 15 29. 50 116.79
22.70 30. 07 22. 74 119.50 211 50 29. 63 117.58
23. 50 30. 20 1 117_ 58
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TABILE 11

MEAN VEILOCITY AND rEMPERIATURE DATA - Continued

Run No. 7 Run No. 8 Run No. '

x - 78 ft x - 78 ft x - 78 ft
U - 20.25 fps U - 19.95 fps U - 20.15 fps
T - 118.0 OF T - 116.2 OF T - 111.0 OF

To . 40.0 OF T a 40.0 OF To . 37.0 OF

z U T z U T z U T
in. fps OF in. fps OF in. fps OF

0 125 8.85 83.87 0.125 8.77 79.92 0,094 8 58 75 75
0.250 9.76 87.43 0 25 10.07 83.87 0. 16 9 90 80 70
0.50 11.50 90. 87 0.50 11.36 87.83 0.41 1066 82.75
0.75 12.18 93.43 0.75 11.78 89.92 0.81 11.64 86 75
1.0 12.68 95.22 1.0 12.16 92.26 1.14 12,28 89. 50
1.5 13.30 97.48 1.5 12.93 95.00 1.! 12.93 92.00
2.0 14.00 100.04 2.0 13.63 96,78 2.13 13.53 93.00
2. 5 14.46 102. 17 3.0 14.44 100.13 2.63 13.87 95.4
3.0 14.91 103.34 4.0 15.00 102.96 3 24 14.10 96. 5
3.5 15.13 104.46 5.0 15.43 105.08 3.86 14.35 98. 5
4.0 15.36 105.58 6.0 15.86 106.74 4.94 14.91 100.6
5.0 15.78 108.04 7.0 16.21 108.04 6.03 15.46 103.0
6.0 16.09 109.21 8.0 16.48 109.22 7.06 15.87 104.0
7.0 16.38 110.54 9.0 16.67 11' 35 6.10 16.17 105.0
8,0 16.79 111.38 10.0 16.87 111.40 9.27 16.46 106.0
9.0 17.06 112.38 11. 17.15 112.35 10.37 16,85

10.0 17.35 113.17 12.0 17.43 113.04 11.50 17.23 107.0
11.0 17.84 113.70 i3.0 17.72 113.50 12.80 17.60 108.0
12.0 17.81 114.34 14.0 18.00 114.00 14.20 17.97 108.85
13.0 18.17 114.70 15.0 18.27 114.43 15.50 18.39 109.0
14.0 18.36 114.96 16.0 18.44 114.57 16.55 18.73 109.5
15.0 18.53 115.21 18.0 18.86 114.78 17.80 19.16 109.8
16.0 18.79 115.51 20.0 19.28 115.26 18.75 19.38 110.04
07.0 18.95 115.79 22.0 19.70 115.00 20.00 19.64 110.13
18.0 19.23 116.08 23.0 19.80 116.00 21.06 19.82 110.22
19.0 19.47 116.38 22.25 19.93 110.44
20.0 19.71 116.92 23,25 20.00 110.65
21.0 19.87 117.25
22.0 20.03 117.38

23.0 20.07 117.79

23.05 20.12 118.87

I
I
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I BI.I If LI

III IN %I Ix Ii NII IND 11 '1111IIHI PA IA - Continued

Rlull Ni . It, 141111 'o. II Run No. 12

x 78 t" x • 78 ft x - 70 ft
U[ - 20.'o fps IU . 19. gofps U. - 19.80 fps

I. - 117.I I " I " 118.4 OF T - 118.4 OF

r. . 40.(0 OF T .39.0 OF To . 39.0 OF

z U z T z U T z U r
in. fps in. O in fpS OF in,. ft OF

0.125 8.82 0.125 85.25 0.082 8.41 84.17 0.209 10.24 88.87
0.140 9.17 0.20 87.50 0.149 10.11 87.70 0.254 10.60 89.30
0.34 9.98 0.37 89.30 0.294 10.83 90.30 0.504 11,46 92.34
0.50 10,44 0.57 91.21 0.54 11.67 92.34 0.804 12.24 95.61
0.74 11.17 0.74 92.42 0.74 12.01 93.66 1.14 12.84 97.75
0.96 11.72 1.02 94.50 1.02 12.62 95.96 1.51 13.28 99.70
1.26 12.24 1.39 97.30 1.37 13.11 98.30 1,88 13.64 101.00
1.62 12.85 1.90 99.70 1.76 13.48 100.13 2,49 14.17 103.57
2.13 13.47 2.58 101.42 2.25 13.95 102.08 2.90 14.40 104.00
2.83 13.95 3.26 103.13 2.68 14.33 103.34 3.48 14.94 10S.83
3.49 14.34 4.39 105.08 3.18 14.62 104.86 3.94 15.13 106.79
4.17 14.75 5.20 107, J 3. 14.89 106.13 4.85 15.67 108.70
5.03 15.13 6.15 108.70 4.36 15.23 107.70 5.63 15.99 109.53
5.90 15.52 7.20 110.13 5.05 15.58 108.92 6.52 16.35 111.00
6.77 15.83 8.18 111.08 5.80 15.95 110.00 7.62 16.76 112.50
7.50 16.13 9.33 112.08 6.71 i6.27 111.08 8.65 17.11 113.00
8.34 16.34 10.48 113.17 7.78 16.66 112.30 9.65 17.49 113.38
9.23 16.59 11.26 113.79 8.80 16.88 113.00 10.79 17.83 113.79

10.25 16.96 12.57 114.42 9.11 17.43 113.79 12.09 18.10 114.21
11.25 17.32 13.67 114.1.- 11.03 17.69 114.62 13.52 18.51 114.53
12.25 17.67 14.73 114.83 12.20 18.09 115.13 15.22 18.86 115.04
13.50 18.05 15.79 115.34 13.61 18.49 115.87 17.35 19.29 115.34
14.70 18.31 16.80 115.58 15.50 18.85 116.30 19.23 19.44 115.86
15.55 18.57 18.12 115.92 17.40 19.14 116.75 21.56 19.52 117.38
1b.60 18.87 19.13 116.21 19-36 19.40 117.17
18.01 19.17 20.34 lo.50 21.44 19.59 117.70
18.65 19.41 21.49 116.75
19.73 19.68 22.73 1!7.00
20.73 19.82
21.77 19.98
22.75 20.08
23.50 20.15

I Il•! =a lli l i I l|uu
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TABLE 1I

04EA VELOCITY AND Th4PEERATURE DATA - Continued

Run No. 13 Run No. 14 Run No. 15
x - 78 ft x - 78 ft x - 78 ft
U - 9.70 fps U • 9.35 f4s U. - 10.10 fps

T * 117.0 OF T. • 117.0 OF T. - 117.0 OF

T *38.0 OF To - 38.0 'p To - 38.0 OF
0

z U T z U z U T
in. fps OF in. Ips in. fps OF

0.062 2.55 72.6 .062 2.48 0.125 3.17 75.78
0.125 3.48 76.4 0.125 3.48 0.25 4.25 79.96
0.250 3.88 79.7 0.250 3.91 O.SO 4.76 82.74
0.375 4.16 81.S 0.375 4.20 0.7s 5.10 85.13
0.50 4.37 81.7 0.50 4.44 1.0 5.40 ,7.09
0.75 4.66 85.6 0.75 4.81 I.S 5.82 90.22
1.0 4.96 87.6 1.0 5.10 2.0 6.17 92.87
1.5 5.54 90.8 1.S 5.51 2.5 6.47 95.00
2.0 S.75 93.2 2.0 5.82 3.0 6.73 97.04
2.5 5.98 96.0 '.S 6.09 4.0 7.07 100.52
3.0 6.29 98.0 3.0 6.22 S.0 7.30 102.91
3.S 6.52 99.9 3.5 6.48 6.0 7.49 104.96
4.0 6.69 101.4 4.0 6.64 7.0 7.70 106.47
4.5 6.91 102.9 4.5 6.80 8.0 8.00 107.58
S.0 7.11 103.8 5.0 6.94 9.0 8.20 108.38
5.5 7.2u 104.7 5.5 7.05 10.0 8.34 109.34
6.0 7.36 105.7 6.0 7.17 11.0 8.50 110.00
7.0 7.58 107.2 7.0 7.41 12 0 8.68 110.50
8.0 7.76 108.0 8.0 7.63 13.0 8.77 110.79
9.0 7.97 109.1 'q.0 7.82 14.0 8.90 111.21

10.0 8.14 110.0 10.0 7.97 15.0 9.04 1" 43
11.0 8.39 110.4 11.0 8.13 16.0 9.13 111.70
12.0 8.59 110.9 12.0 8.27 17.0 9.2S 112.08
13.0 8.73 111.3 13.0 2.39 18.0 9.39 112.47
14.0 8.86 111.7 14.0 8.S0 19.0 9.55 102.92
16.0 9.09 112.1 15.0 8.60 20.0 9.72 113.50
18.0 9.32 112.8 ..0 5.71 21.0 9.89 113.90
20.0 9.49 113.8 17.0 8.80 22.0 9.94 114.83
22.0 9.56 11S.9 18.0 8.89 23.0 9.99 116.04

19.0 8.97 23.75 10.09 117.04
20.0 9.04
22.0 9,181



95

TABLE II

W4EAN VELOCITY AND TE
1
4PERA1'JRE DATA - Continued

Run No. 16 Run No. 17

x - 78 ft x 7P ft
U.. 10.05 fps U. - l. 7 fps

T. - 114.0 OF T. 115.5 OF 0

To . 40.0 OF To 40.0 OF

U T z U T
in. fps OF in. fp0 OF

0.125 3.21 72,7 0.084 -- 75.70
0.180 4.21 77.5 0.114 3.80 78.35
0.46 4.74 82.0 O.144 4.10 7V.42

0.72 5.13 84.7 0.254 4.46 81.30
0.99 5.40 86.3 0.480 4.97 84.7S
1.26 -- 88.7 0.79 5.26 86.34

1.61 5.78 90.7 1.29 S.70 89.79
1.99 6.10 92.4 1.76 6.15 92.50
2.6S 6.42 94.7 2.22 6.35 95.00
3.09 6.64 96.3 2.79 6.79 97.66
3.S8 6.83 97.6 3.46 7.12 100.10
4.02 7.00 99.4 4.21 7.43 102.30
4.50 7.13 100.6 5.17 7.76 104.00
4.98 7.25 101.5 6.19 8.05 105.92
5.38 7.35 102.0 7.45 8.42 108.58

5.89 7.58 103.4 9.03 8.70 109.43
6.88 7.99 104.5 11.83 9.05 111.12
8.03 8.19 106.0 21.44 10.62 l,. I(.

1.25 8.36 10(.7
9.98 8.47 107.1

11,07 8.61 107.9
12.00 8.74 --

13.11 8.88 !09.1
14.10 8.97 109.S
1.4.96 9.11 109.8
16.02 9.Z3 --
17.12 9.37 110.3
18.10 9.46 --
19.05 9.54
20.00 9.62 110.7
21.15 9.79 III.0
22.40 9.90 112.3
23.50 9.96 113.7
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TABjE I I I

DATA ON RMS TURBULENT FLUCTUATIONS

Run No. 1 Run No. 4

U,, a 30.05 fps U., - 30.4 fps

-= 119.9 OF T. - 119.6 OF

To a 39.0 OF To - 40.0 OF

in. 0F in. fps in. fps in. fps

0.062 5,48 0.125 2.510 0.13 1.863 0.130 1.139
0.125 5.16 0.34 2.332 0.21 1.896 0.17 1.253
0.25 4.89 0.54 2.464 0.30 1.908 0.28 1.358
0.50 4.62 0,96 2,361 0.47 1.898 0.45 1.375
0.75 4.44 1.41 2.320 0.67 1.812 0.68 1.393
1.0 4.26 2,0 2.187 1.03 1.804 1.01 1.423
1.5 4.03 3.0 2.121 1.43 1.764 1.39 1.425
2.0 3.80 4.0 2.000 2.07 1.727 1.87 1.441
2.5 3.58 5.8 1.883 2.81 1.705 2.55 1.441
3.0 3.35 8.0 1.793 3.56 1.691 3.45 1.4-:5

3.5 3.17 9.9 1.655 4.35 1.687 4.42 1.455
4.0 3.08 11.9 1.539 5.04 1.689 S.00 1.437
4.5 2.94 14.75 1.470 S.90 1.689 5.80 1.424
5.0 2.76 17.8 1.350 6.60 1.665 6.60 1.409
5.5 2.44 7.60 1.614 7.70 1.403
6.0 2.17 8.65 1.561 8.70 1.395
7.0 1.99 9.70 1.552 9.80 1.384
8.0 1.77 10.75 1-538 10.85 1.376
9.0 1.54 11.75 1.513 11.97 1.3776

10.0 1.27 12.69 1.494 13.10 1.369
11.0 1.09 13.94 1.467 13.90 1.3S2
12.0 0.91 15.08 1.425 15.00 1.319
13.0 n 72 16.08 1.403 16.00 1.288
14.0 0.63 17.12 1.349 17.05 1.263
16.0 0.51 18.19 1.290 18.14 1.231
18.0 0.41 19.37 1.230 19.30 1.190
20.0 0.40 2_.43 1.178 20.46 1.154
22.0 0.39 21.61 1.116 21.75 1.077

22.70 1.047 2,.74 1.035
23.50 0.968 23.87 0.962
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TABLE III I

DATA ON RMS TURBULENT FLUCTUATIONS - Continued

Run No. 7 Run No. 10

UI - 20.Z. fps U = 20.2 fps j
T = 118.0 OF T = 117.5 OF

To = 40.0 OF To = 40.0 OF

in. OF in. fps in. fps in. fps

0.062 5.14 0.25 1.532 0.125 0.984 0.125 0.591
0.125 4.73 0.5 1.483 0.20 1.038 0.140 0.634
0.25 4.47 1.c 1.374 0.37 1.012 0.34 0.753
0.50 4.06 1.5 1.310 0.57 0.996 0.50 0.768
0.75 3.90 2.0 1.254 0.74 0.990 0.74 0.789
1.0 3.73 3.0 1.210 1.02 0.970 0.96 0.792
1.5 3.65 4.0 1.188 1.39 0.964 1.26 0.797
2.0 3.48 5.0 1.133 1.90 0.982 1.62 0.813
2.5 3.32 6.0 1.047 2.58 0.972 2.13 0.815
3.0 3.23 7.0 0.988 3.26 0.961 2.83 0.814
3.5 3.11 9.0 0.942 3.85 0.940 3.49 0.814
4.0 2.98 11.0 0.897 4.39 0.935 4.17 0.813
4.5 2.86 13.0 0.842 5.20 0.926 5.03 0.817
5.0 2.74 15.0 0.788 6.15 U.9'0 5.90 0.803
5.5 2.$7 18.0 0.713 7.20 0.922 6.77 0.807
6.0 2.40 21.0 0.554 8.18 0.921 7.50 0.813
7.0 2.16 9.33 0.922 8.34 0.809
8.0 1.87 10.48 0.922 9.23 0.817
9.0 1.70 11.26 0.923 10.25 0.820

10.0 1.49 12.;7 0.893 11.25 0.811
11.0 1.33 13.67 0.8711 12.25 0.807
12.0 1.16 14.73 0.850 13.50 0.808
13.0 0.99 15.79 0.815 14,70 0.795
14.0 0.87 16.80 0.780 15.55 0.770
16.0 0.61 18.12 0.760 16.60 0.748
18.0 0.46 19.13 0.703 18.01 0.720
20.0 0.44 20.34 0,658 18.65 0.700
22.0 0.41 21.49 0.622 19.73 0.668

22.73 0.578 20.73 0.646
23.50 0.500 21.77 0.616

22.75 0. 579

23.50 0.520
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TABLE III

OAT.\ ON R'4S TURBULENT FLUCTUAT[ONS - Continued

Rua No. 15 Run No. 16

I1, !10.10 fps U = 10.05 fps
T =117.0 OF T = 114.0 OF

1 -38.0 OF T = 40.0 OFo o)

z ,2 :Z ' z v,2 z I
in. 1-ps in. fps in. f-ps

0.127 4.72 0.125 ).772 0.125 0.148 0.12- 0.124
0.25 4.4, 0.23 0.541 I 0.13 0.259 0.19 0.207

.50 3.94 0.50 9.561 0.46 0,299 0.55 0.262
1.0 ; 6S 1.0 0.553 0.72 0.304 0.88 0.277
1.5 3.52 1.5 0,S26 0.9 0.312 1.22 0.27l
2.0 3.44 2.0 0.51l 1.26 0.316 1.7] 0.274
2.S 3-32 3.0 0.495 1.61 0.318 2.37 0.274
3.0 3.15 4.0 0.473 1.99 0,318 2.85 0.269
3.5 2.98 5,0 0.407 2.65 0.325 3.31 0.266
4.0 2.74 6.0 0.392 3.09 0.329 4.26 0.261
4.5 2.49 7.0 0.382 -'.02 0.336 5.50 0.263
5.0 2.20 9.0 0.336 4.50 0.332 6.60 0.26R
6.0 1.87 11,0 0.308 4.98 0.328 8.3C 0.75
7.0 1.7u 13.0 0.289 5.38 0.323 9.73 0.273
8.0 1.41 15.0 0.289 5.89 0.321 11.15 0.275
9.0 1.20 1c.0 0.290 i 6.88 0.324 12.72 0.276

10.0 '1.99 i 8.03 0.332 14.40 0.277
11.0 0.95 i 9. S 0.331 16.35 0.Z72
12.0 0.61 9.98 0.330 18.20 0.245
13.0 O.So 12.00 0.323
14.0 0.44 14.10 0.313

116.0 0.40 1 16.02 0.297
18.0 0.35 1 18.io 0.2s3

120.0 0.31
22.0 0.27

II

SII
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TABLF V

DATA ON ONE-D1',ENSIONAL SPECTRA - Continued

U. - 20 fps - 0.0234

-0.125 in. x O.O in, x 2.0 in. z - 5.0 in. z * 10.0 in.
k| Ot )/j7-- k I #t,(klj/t"2 k I #t, (kl)/t•" k I Ot k )t k-; I 4 ,(l/•;

ft-
1  

ft ft
1  

ft ft
1  

ft ft"
1  

ft lit-' ft

1.13x1u 1.26x10-2 9.14 1.60xlO-2 7.50 2.24x10"2 6.72 2.51x10"2 6.00 3.02x10-2
1.41 1.34 1.141:01 1.66 9.38 2.SS 8.40 3.00 7.51 3.19
1.76 1.23 1.43 1.67 1.171101 2.16 !.OSxlO1 2.75 9.39 2.81
2.26 1.19 1.83 1.48 1.50 2.18 1.34 2.60 1.20x101 2.81
2.82 1.02 2.29 1.39 1.88 1.78 1.68 2.14 1.SO 2.40
3.53 9.3Sx10"3 2.86 1.01 2.34 1.32 2.10 1.64 1.88 1.66
4.52 7.56 3.66 S.S2,10-3 3.00 1.03 2.69 1.36 2.41 1.21
S.65 5.72 4.57 6.54 3.75 8.0SXl0" 35.36 9.47x10-3 3.00 8.46x10"3

7.06 3.89 S.71 4.71 4.69 5.88 4.20 6.47 3.76 6.12
8.82 2.90 7.15 .,.57 5.36 4.39 5.25 4.46 4.69 4.68
1 0 3Xl02 2.25 9.15 2.62 7.50 2.97 6.72 3.20 6.00 3.09
1.1 1.24 1.141102 1.80 9.38 1.79 8.40 2.14 7.51 1.81
1.76 S.99x10"

4  
1.43 9.18xlO"

4 
1.17x102 9.20xm104 1.OSxlO

2  
1.12 9.39 9.63x10-4

2.26 3.91 1.83 6.23 1.50 5.96 1.34 7.07x10"4 1.20x102 7.31
2.82 2.09 2.29 3.17 1.86 3.44 1.68 3.40 1.50 3.72
3,$3 1.15 2.86 1.95 2.34 1.91 2.10 2.03 1. 88 1.99
4.52 3.65z10" 3.66 8.32i10-S 3.00 7.37x10"5 2.69 8.09110" 2.41 6.6Sx10-S
5.6.5 1.41 4.57 3.16 3.75 3.23 3.36 2.95 3.00 2.89
7.06 4.67xi0-6 5.71 1.15 4.69 8.55x10"

6 
4.20 9.9Sx3O"6 3.76 1.00

8.82 1.22 7.15 3.36S106 5.86 1.32 .25 3.44 4.69 3.37x10"7
1,13x103 4.87x10-7 9.15 1.05 7.50 6.22x10"7 6.72 7.40x10-7 6.00 7.39x10-7
1.41 2.76 1.14103 3.59x1C"' 9.38 1.42 6.40 1 73 7.51 2.14
1.76 1.77 1.43 1.-S 1.O__3 5:66110-8 3

U. 10 fps, R .-0.113

r a
t-0.125 z -0.SO in. z.20In, S.0in. z - 10.0 in.#l t'(kl)/IV kl #t' (kZ}/t-2 kz 4t'(kl)/t--; k t' (kl)/t--T kl I t' (kl)/t'--

ft-
1  

ft ft-
1  

ft ft"
1  

ft ft-
1  

ft ft-
1  

ft

3.09x101 1.25i0-2 2.09x101 1.28x10"2 1.66x101 1./4xlO-2 1.37x101 1.99X10"2 1.19x101 3.46x10-2

3.87 1.24 2.62 1.31 2.07 1.75 1.72 2.14 1.48 2.70
4.83 I.0' 3 .27 1.28 2.59 1.53 2.14 1.91 1.85 1.93
6.18 8.91x10" 4.19 1.23 3.32 1.53 2.75 1.91 2.37 1.92
7.73 S.35 5.23 8.02x10-3 4.15 1.16 3.A3 1.35 2.96 L.1S
9.67 3.93 6.54 6.62 5.19 9.04x10-5 4.29 1.02 3.70 8.30x10O3
1.24x102 1.97 8.37 3.77 6.64 S.48 5.49 6.94x10-3 4.74 6.83
1.55 8.68310_4 1.0Sx102 2.17 8.29 3.10 6.86 3.83 5.93 3.10
1.93 3.94 1.31 1.02 4 .041102 1.66 8.58 1.98 7.40 1.81
2.42 1.73 1 64 5.13xlO- 1.30 8.73x10-4 1.07x102 8.63x10-4 19.:6 9.97x10"4

3.09 S.96x10-
5 

1 209 2.25 1.66 3.78 1.37 4.58 j 1.19x132 4.67
3.87 9.53xi0-' 2.62 7.23x10"5 2.07 1.28 1.72 1.78 '1.4 1.84
4.83 2.90 3.'7 2.29 2.59 2.98x10-5 2.14 4.70x10-5 1:85 5.15xlO"5
6.18 1.11 7 19 5.47x10-6 3.42 1.05 2.75 1.51 2.37 1.46
7.73 3.22x10 S.23 1.25 4.15 2.21x1O-6 3.43 2.82x10-6 2.96 5.56x10"6

9.67 1.09 6.54 3.39x107 5.19 4.03x10"7 4.29 6.78x10-7 3,70 1.94
8.37 1.11 6.64 S.86x10"

8  
4,74 7.74x10"7

S,93 4.24
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I l~R v

mI 4)-N owN -I' ImmI; ,wo . S;Iu:rR . - Cont i nued

I nl fps - 113

S 0.5 in., I.I, an z = 2.0 ir. z • 5.0 in.
t : ,(k I , i - : Ii, Fv, (k I )/v-' i" k I Fv, (k i)/v' 2' kI Fv, (k l)/V' '" •

ftl ft ft -I ft ft' ft ft- ft

2.09xi0' I.1itxtlO2 1.85xi0
1  

1.34f.Il0-2 1.66xi01 1.47xiO0
2  

1.37xi01 1.82xi0"
2

2.62 1.17 '2.31 1.43 2.07 1.61 1.72 1.82
3.27 1.10 2.89 1.26 2.$9 1.43 2.1" 1.80
4.19 1.12 3.70 1.39 3.32 1.42 2.75 1.54
5.23 8.37x10"

3  
4.62 1.07 4.1S 1.04 ý.43 1.23

6.54 6.95 5.78 8.88x00-
3  

S.19 8.20xlO-
3  

4.29 9.80xi0"
3

A 37 2 3.70 7.40 4.61 6.64 5.32 S.49 6.S1
I. 0x10

2  
2.26 9.25 '.65 8.29 3.01 6.86 3.74

1.3. 1.23 1.16xlO
2  

1.49 1.04x10
2  

1.57 8.58 1.74
1..,4 6.62x104 11.44 7.49x1C"4 1.30 7.55x10-

4  
1.07x,02 8.70xl0-4

2.09 3.31 1.85 3.72 1.66 2.93 1.27 3.59-- 2.62 1.34 3 .71 2.07 1.30 1.72 1.59
Z.27 4.44x10-5 2.89 4.76xi0-5 2.59 4.74xi0-

5  
2.14 5.4Sxi0"5

x 0.5 in. r.> 1.0 in. z ?.0 in. - z - 5.0 in.
•I Fw" (kl)/ w' 2 kl Fw (kl)/ .--2- kl F ,' kl)i ."72 k , r'w' (kl)/;'-'-

_. ft- 1 ft ft" 1 ft ft- 1 ft: i ft- 1 ft

S2.09xi01 9.56xi0- 3 1.8sx10 1 I.14xi-2 1.66xi01 1.44x10-
2  

1.37xi01 1.47xi0-2

2.62 I.Olxlo-2 2.31 1.17 2.07 1.48 1.72 1.48
3.27 9.40xi0-3 2.89 1.07 2.59 1.49 12.14 1.70
4.19 9-56 3.70 1.17 3.52 1.47 .7S 1.63

5.23 7.3S 4-2 1.00 4.15 1.15 3.43 1.27
6.54 5.44 [5.78 8.16xlO3 S.19 9.08x10-

3  
4.29 1.09

8.37 3.76 57.40 5.17 6.64 .73 5.49 6.31xi0-3

.OSxlO2 2.30 M.25 3.02 8.29 3.27 6.86 3.94
1.31 1.27 1.016;(I12 1.70 1.04xlO2 1.75 '8 88 2.141.64 6.49xi0- 4 1i.44 8.90XI0-4 1.30 8.90xi0- 11.07x,02 L.05

2.09 3,46 1.65 4.49 1.66 .51 1.37 4.66xi0-4

2.62 1.67 2.31 1.83 5 2.07 1.68 1.72 1.913.27 5.56)i0-5 12.89 6.S5x10- 2.S9 S.45x10-5 2.14 7.28x10-5
4219 2o 3.75 332 2,40 2.75 3.12S.23 1.57 i6 1.97

6.551 1.22
8.3s 5. S9xlO-6

I

I
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TABLE VI

PARAMETERS USED IN SPECTRAL CALCULATIONS

z U U v ks
in. fp3 fps ft 2 /sec ft 2 /sec 3  ft-1

0.125 30.00 15.55
0.25 30.00 17.06 2.11 x 10-4 110.00 1.85 x 103
0.50 30.00 18.44 2.15 x 10- 4  56.10 1.546 x 103
1.00 30.00 19.99 2.18 x 10-4 25.80 1.259 x 103
2.00 30.00 21.77 2.22 x 10-4 11.58 1.014 x 103

5.00 30.00 24.32 2.27 x 10-54 .97 0.845 x 103

0.125 20.00 8.90 2.00 x 10-4 35.00 1.447 x 103

0.25 20.00 10.20 2.03 Y 10-4 20.50 1.251 x 103
0.50 20.00 11.00 2.08 x 10-4 10.74 1.046 x 103
1.00 20.00 12.11 2.12 x 10-4 6.26 0.899 x 103

2.00 20.00 13.41 2.15 x 10-4 3.44 0.765 x 103
5.00 20.00 14.95 2.21 x 10-4 0,95 0.545 x 103

0.125 i0.0o 3.25 2.00 x 10-4 2.40 0.741 x 10 3

0.25 10.00 4.22 2.03 x 10-4 1.90 0.690 x 103
0.50 10.00 4.80 2.06 x 10 4  1.104 0.596 x 103

1.00 10.00 5.43 2.08 x 10-4 0.688 0.527 x 103
2.00 10.00 6.06 2.12 x i0-4 0.379 0.446 x 103
5.00 10.00 7.32 2.19 x 10-4 0.117 0.325 x 103

a ___________________________ _______________________________
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Fig. 2 Probes mounted on the carriage

II

Fig. 3 Instruments: 1. Spectrum analyzer 2. Oscilloscope
3. Transonic pressure meter 4. Hot-wire anemometer
5. rms volt-meter
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II

1000 K

2-5K K2-5K•NK

9V Bottrxy

RT 
DR

Amplifier
Gain : 000

RMS Meter RT - Resistance Thermometer

DR - Decode Resistor

Oscilloscope G - Golvonometer
A - Ammeter

Figure 4. Resistance thermometer: circuit diagram

---------------------------- °
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Figure 6. Hot-wire calibration curves
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